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1. Lecture I: Introduction

A central theme throughout much of mathematics, and certainly in algebraic geometry, is
the duality between geometry and algebra. Let us recall several examples that motivated the
development of the subject.

EXAMPLE 1.1 (Gelfand). There is a duality (i.e., contravariant equivalence)

compact Hausdorff spaces -~ commutative C*-algebras
X — Cont(X,C)
Hom(A,C) -~ A

Here CompHaus is the category of compact Hausdorff topological spaces. A key ingredient in the
equivalence is Urysohn’s lemma that ensures the existence of a sufficient supply of continuous real-
or complex-valued functions on compact Hausdorff spaces.

EXAMPLE 1.2 (Stone). There is a duality

profinite sets boolean algebras
X s Cont(X,Fy)
Hom(A,Fs) -~ A

Here, the category of profinite sets is equivalently that of totally disconnected compact Hausdorff
spaces; and boolean algebras are characterized by the equation z? = x for all z € A.

ExaMPLE 1.3 (Hilbert). Let k be an algebraically closed field. There is a duality

affine k-varieties -~ integral finitely generated k-algebras
X — {regular functions X — k}
Hom(A, k) -~ A

Here k-varieties are what is now known as (separated) integral k-schemes of finite type. The
essential content here is Hilbert’s Nullstellensatz, ensuring that finitely generated k-algebras A
admit sufficiently many maps to k.

EXAMPLE 1.4 (Grothendieck). There is a duality

affine schemes -~ commutative rings
X — {regular functions on X}
Spec(A) ~ A

Unlike the previous examples, this duality is in its essence not a theorem, but a definition: During
the development of algebraic geometry, the class of commutative rings that were allowed as duals
of geometric objects became more and more general. At some point, this trend was taken to its
logical conclusion, to allow all commutative rings; and to simply declare a notion of “affine scheme”
as being the corresponding geometric notion. Several things had to be sacrifized: For example, in
the case of nonreduced schemes, “regular functions on X” are not determined by their values at
points. Also, Spec(A) is not a set of maps from A to a fixed field anymore; rather, it consists of
(equivalence classes of) maps from A to all possible fields.
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We note that in the third and fourth example, this is not a perfect duality between geometry
and algebra. Rather, one has to restrict to “affine” objects on the geometric side, and then general
geometric objects are obtained through gluing affine objects. For example, global functions on a
projective line IP’,lC are just k, so one cannot distinguish Pllg from a point using global functions.

This situation, of having certain basic “affine” building blocks, out of which one builds general
geometric objects, is a recurring theme in many different contexts. A general framework for it is
the theory of sites and topoi. Namely, given some category C' — the “affine” objects — one puts
a Grothendieck topology 7 on C' and then passes to the category of sheaves Shv.(C) on C. This
way, one can take arbitrary colimits of objects of C, i.e. one can “glue” objects of C' together to
build new geometric objects. The resulting category is much larger than that of schemes; but the
resulting category has the advantage of being a topos. This leads to the following idea:

IDEA 1.5. Any good category of geometric objects (in which one can take all colimits) should be
a topos.

However, it depends on the choice of 7, and there are many choices one can make in the case of
affine schemes: Zariski, Nisnevich, étale, fppf, fpqc, but (in principle) also non-subcanonical ones
like the h-, v-, or arc-topology. All of these and more, and their relations, find plenty of use in
algebraic geometry, giving rise to a panoply of slightly different categories of geometric objects, all
built from affine schemes.

In fact, through the consideration of moduli spaces — such as the moduli space of elliptic
curves — it became natural to consider not only sheaves of sets, but more generally sheaves of
groupoids, also known as stacks. Indeed, elliptic curves admit automorphisms, and if one forgets
those automorphisms by passing to isomorphism classes, one loses the good sheaf properties. In
fact, the trend of allowing ever more general types of gluings has continued and let one consider also
sheaves of co-groupoids (=anima). Lurie [Lur09b] has developed the corresponding generalization
of sheaf and topos theory, leading to the notion of an oco-topos — very roughly, the (oo, 1)-category
of sheaves of anima on some site. Slightly updating the previous idea, we thus get the following
idea:

IDEA 1.6. Any good (00-)category of geometric objects (in which one take all colimits) should
be an oco-topos.

Coming back to our discussion of the duality between geometry and algebra, let us consider
the simplest kinds of stacks, say over an algebraically closed field k. These are the ones with only
one point, but some automorphism group G of that point, i.e. classifying spaces X = x/G of group
schemes G. Certainly, it is impossible to have interesting functions on X = x/G. But Tannaka
observed that the category of quasicoherent sheaves on X — which is the same thing as the category
of k-linear representations of G — still allows one to recover X = x/G, at least if one remembers
its symmetric monoidal tensor product. We recall here that the functor taking any commutative
ring A to its symmetric monoidal presentable abelian category of A-modules Mod(A) (usually)
satisfies descent for the topology 7, and hence extends to a functor X +— QCoh(X) on all schemes,
or even (higher) stacks X. One important example of a quasicoherent sheaf is the structure sheaf
Ox € QCoh(X), being the unit object; its endomorphisms are exactly the ring of global functions
I'X,Ox).
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ExXAMPLE 1.7 (Tannaka). Let k be an algebraically closed field, and assume that 7 is the fpqc
topology. There is a perfect duality

classifying stacks of affine group schemes -~ Tannakian categories
X =%/G — QCoh(X) = Rep(G)
A — Fung(C,Mod(A))  —— (C,®)

Here, Tannakian categories are certain compactly generated symmetric monoidal abelian k-linear
categories with End(1) = k and such that the compact and the dualizable objects agreeH The
inverse functor takes a Tannakian category (C,®) to the stack, i.e. sheaf of groupoids, taking any
commutative ring A to the groupoid of colimit-preserving ®-functors from C to A-modules.

This Tannakian duality principle turns out to work in a much broader setting. First, it captures
virtually all schemes (namely, quasicompact quasiseparated ones):

THEOREM 1.8 ([BC14]). The functor

{qcgs schemes} _— {symmetric monoidal presentable abelian categories}
X —_— QCoh(X)
1s fully faithful.

Thus, at the expense of passing from commutative rings to symmetric monoidal presentable
abelian categories, we can fully capture the geometry of (qcqs) schemes. In fact, this extends to a
broad class of “l-affine” stacks (cf. also [Gail5|, [BZFN10], [Lur05]):

THEOREM 1.9 ([Ste23]). The functor
{qcgs Artin stacks with affine diagonal} ~———  {symm. mon. pres. abelian categories}
X — QCoh(X)
18 fully faithful.

At this point, we have managed to capture most geometric objects by algebra again. However,
this time the algebra is much more general: There are many symmetric monoidal presentable
abelian categories (C, ®). Examples include:

(1) Almost rings in the sense of Faltings [Fal88|, [GRO03]. If R is commutative ring with a
flat ideal I C R such that I? = I, then one defines the class of “almost zero R-modules”
as those that are killed by I. These form a ®-ideal inside R-modules, and one gets the
resulting quotient category of R-modules by R/I-modules — this is known as (/-)almost
R-modules, and forms a symmetric monoidal presentable abelian category. In most cases,
the unit of this category is not compact. This is in contrast to the categories arising from
qcgs stacks above, which always have compact unit.

(2) Certain categories of functional-analytic nature. Let us highlight two classes of examples:
One is the theory of Ind-Banach spaces used in the work of Ben-Bassat—Kelly-Kremnizer
[BBKK24]; the other is the theory of solid or liquid modules used in my work with
Clausen [CS24]. These usually have compact unit and are compactly generated, but not

1We do not endow our Tannakian categories with a fibre functor; dually, the classifying stacks are not pointed.
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all compact objects are dualizable. In fact, some infinite-dimensional vector spaces are
compact objects of these categories.

The class of examples from (1) has turned out to be extremely useful in p-adic Hodge theory,
but has since found many uses also in other contexts — as one example that has been inspirational
to me, let me highlight the work of Vaintrob [Vail7|, connecting it to symplectic geometry.

The class of examples from (2) has been used by both groups of authors to do analytic geometry,
essentially by following an idea of Deligne:

IDEA 1.10 (Deligne, [Del90]). For any symmetric monoidal presentable abelian ®-category C,
one can try to develop “C-algebraic geometry’ﬂ following the template above:

(1) The category CAlg(C) of commutative algebras in (C,®) generalizes the category of com-
mautative rings.

(2) Formally declare “C-affine schemes” as being CAlg(C)°P.

(3) Define some Grothendieck topology on C-affine schemes; for example, one always has an
analogue of the fpqc topology.

(4) Pass to the category of sheaves.

This idea has been developed in some situations. Applied to the almost ring setup above, it
gives’ Faltings “almost mathematics”; applied to the functional-analytic setups, it yields theories
of analytic geometry, both in complex-analytic settings and in rigid-analytic settings. However, it
seems somewhat intractable in the most general case.

In fact, in the applications to analytic geometry, one finds that it is necessary to pass from
abelian categories to their derived categories, regarded as stable co-categories, and take a Grothendieck
topology consisting of certain non-flat covers. Namely, to get a good theory of analytic spaces one
has to allow non-flat gluings — the analogue of localization to open subsets turns out not to be flat.
This precludes a good abelian category of quasicoherent sheaves, but it turns out that when one
passes from abelian categories to derived categories, treated as stable co-categories, the formalism
works very well; in particular, one gets good “derived oo-categories of quasicoherent sheaves” in
complex-analytic geometry and rigid-analytic geometry.

Thus, we are forced to generalize further to symmetric monoidal presentable stable oco-categories,
or in more compact notation

C € CAlg(Prk).

Here Pr” denotes Lurie’s oo-category of presentable co-categories and colimit-preserving functors
(and the subscript ¢ indicates the subcategory of stable co-categories). This has a symmetric
monoidal tensor product (C, D) — C ® D, which classifies functors out of C' x D that commute
with colimits in each variable (i.e., “bilinear functors”). Passing to stable co-categories, the unit
object is the oo-category of “spectra” in the sense of algebraic topology; to avoid clash with the
notion of spectrum of a ring, we will call these S-modules and denote their category by D(S), where
S denotes the unit object, usually known as the sphere spectrum. The subcategory of connective
S-modules D> (S) is the co-category of “commutative group objects in anima”, i.e. Ex-groups in
anima. To pass to all of D(S), one passes to the stabilization, i.e. one records an arbitrary object
M € D(S) in terms of its truncations 7>_,, M, which up to shift by n can be regarded as objects

2often called “relative” (to C') “algebraic geometry”
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of D>¢(S). Concretely, objects of D(S) are sequences (M, M, ...) of M, € D>o(S) together with
isomorphisms M,, = Q(My+1) of Eo-groups, where Q(M) = x Xy * is the loop spaceﬂ

It turns out that PI‘SLt with its symmetric monoidal tensor product makes it possible to do
“algebra with categories”. For example, the functor A — D(A) satisfies

D(C) @pa) D(B) = D(C @4 B).

In particular, CAlg(PrsLt) is the co-category of symmetric monoidal presentable stable co-categories,
and can be seen as the categorical version of commutative rings. In fact, via A — D(A), commu-
tative rings (over S, i.e. A € CAlg(D(S))) embed fully faithfully into CAlg(Prk).

QUESTION 1.11. Is it reasonable to build a notion of geometry by starting with all of CAlg(Prk),
in place of commutative rings?

This question has been investigated to some extent. It is closely related to Balmer’s “tensor-
triangular geometry” [Ball0]; see also JABC™ 25| for a recent account.

PrROBLEMS 1.12. Howewver, I want to highlight two problems with this proposal:

(1) In the stated generality, the category CAlg(Prk) seems completely uncontrollable. In prac-
tice, one might restrict to compactly generated objects (often assuming that the compact
and dualizable objects agree); this yields a subclass that seems controllable. However, the
two examples mentioned — almost rings, and analytic rings — fall outside of this re-
stricted class: In the almost setting, the category is not compactly generated, while in the
analytic setting, the compact objects are not all dualizable. One may also want to combine
them, for example in the form of “analytic almost rings”, cf. [Man22)].

(2) It does not restore a perfect duality between geometry and algebra — there will still be
many geometric objects X that cannot be detected by their Dy.(X) € CAlg(Prk), as in
the example just below. Thus, it again becomes necessary to choose some Grothendieck
topology, and pass to sheaves.

ExaMpLE 1.13. Work with the étale topology on affine schemes over a field k, and consider the
stack B2?G,,, the 2-fold classifying stack of the multiplicative group G,,. Then the pullback functor
along B%G,, — * yields an equivalence

D(k) = Dqe(¥) = Dge(B>Gyy).
Note that B2G,, is an object that arises in practice: Namely, for any scheme X, maps X — B%G,,
correspond to H ézt(X , G,) which at least for regular X is precisely a Brauer class on X, so yields
an Azumaya algebra A € Alg(QCoh(X)). The category of modules Mod 4(Dqc(X)) is a sheaf of
categories over X that is locally on X isomorphic to Dgy.(X), but not always globally so.

We see that while B2G,,, does not admit enough quasicoherent sheaves, it does admit an inter-
esting example of a sheaf of categories. Let us recall this notion. For any commutative ring A, we
have D(A) € CAlg(Prk), and we can then pass to modules again, getting

L .__ L
Prj := Modp)(Prg),
3Often, this definition is given in a different form, where all M,, are just pointed anima, together with equivalences

M,, =2 Q(Mp+1). The group structure on M, then arises from its structure as the loop space of M, +1; as it is in fact
an infinite loop space My, = Q(Mp4+1) QZ(Mn+2) 2 .., this is an Ex-group structure.
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which is again a symmetric monoidal oco-category. We would like to say that it is a “symmetric
monoidal presentable (0o, 2)-category”, but let us slightly postpone a discussion of the notion of
presentable (oo, 2)-category.

The association A — Prﬁ has strong descent properties, allowing one to extend it to a functor

X — Prk

for any stack X, if 7 is suitably chosen. The above example can now be refined by saying that there
is a canonical ®-invertible object in PrgQGm. This is the analogue of the canonical ®-invertible
object in
Dy.(BGy,) = Dqc(x/Gpy),

namely the tautological line bundle on %/G,, (which is the classifying stack of line bundles). This
in turn may be regarded as the analogue of the canonical invertible function on G,,, which is just
the coordinate function 7'.

We see that the geometry of B2G,, can be detected in terms of the algebra of PrégGm, passing
up yet another categorical level, to “symmetric monoidal presentable (0o, 2)-categories”. However,
if we pass to B3G,,, the issue comes back: Pullback along B3G,, — * yields an equivalence

L L
PngGm = Pry.

In this case, B3G,, would support an “invertible sheaf of linear (co,2)-categories”, requiring one
to categorify another level; and in general B"G,, supports an “invertible sheaf of linear (oo, n —1)-
categories”.

Thus, the only possibility to reflect all geometric objects in terms of (higher) algebra is to keep
track of all higher categories of “sheaves of linear (oo, n)-categories”. These should be symmetric
monoidal presentable (co,n + 1)-categories.

In Stefanich’s thesis [Ste21], such a theory of presentable (oo, n)-categories has been developed.
However, recently Aoki [Aok25a] has observed that it is not as well-behaved as Stefanich conjec-
tured — in particular, presentable (oo, n)-category do not admit limits in general. In a related
vein, the expected forms of adjoint functor theorems do not hold true. The basic reason are the
usual size issues of category theory: If one wants to form a “category of categories”, one runs into
size issues, so one usually fixes some universes and works with a large category of small categories.
This will however mean that the “category of all categories” does not contain itself as an object. If
one iterates this procedure, one will likely have to fix different universes for the different categorical
levels in place. The choice of all these different universes makes the resulting notions feel somewhat
unnatural, and hard to work with.

But Aoki has also proposed a fix, which actually simplifies the theory. Namely, recall that
any presentable oo-category C' is, by definition, k-compactly generated for some regular cardinal
k. This way, one can write Pr” as a union of non-full subcategories

PrZ c Prt
consisting of the x-compactly generated presentable oco-categories, and functors preserving k-
compact objects. The case k = Ny corresponds to compactly generated categories, which accounts
for many but not all categories used in mathematical practice; but already the next case kK = Ny

corresponds to “countably compactly generated” categories, and this does include (virtually) all
categories used in mathematical practice. In particular,

Prﬁ1 c prt
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is stable under countable limits, as well as all colimits and tensor products, so it is somewhat
difficult to escape from this setup.

But if we decide to fix some k — and we will usually just take k = Ny — then Prﬁ is an
oo-category that happens to, itself, be presentable and k-compactly generated, i.e.:

Fact 1.14. Prl ¢ Prl.

(The sign € is a type-theoretic judgement here, not the literal €-relation of axiomatic ZFC.)
To avoid clutter, let us write 1Pr = Prl (where we stress that x has been fixed from now on). As
it is a symmetric monoidal category, we in fact have 1Pr € CAlg(Prl) = CAlg(1Pr). Thus, we can
define:
DEFINITION 1.15 ([Aok25al).
(i) The symmetric monoidal (oo, 1)-category of k-presentable (oo, 2)-categories is

2Pr := Mod;p,(1Pr).

This is, itself, a symmetric monoidal k-presentable (oo, 1)-category, i.e. 2Pr € CAlg(1Pr).
(2) More generally, for any n > 2, the symmetric monoidal (oo, 1)-category of k-presentable
(00, n)-categories is
nPr := Mod,_1)p,(1Pr) € CAlg(1Pr).
REMARK 1.16. Although in informal terms, nPr is an (co,n + 1)-category, we will usually
ignore the non-invertible higher morphisms, and treat it merely as an (0o, 1)-category. The higher
morphisms can be recovered as nPr is tensored, and hence enriched, over itself. This has the nice

consequence that on a technical level, we can mostly directly work with Lurie’s foundations on
(00, 1)-categories.

For any commutative ring A, we can now similarly inductively define the notion of “A-linear
presentable (oo, n)-categories”:

DEFINITION 1.17. For a commutative ring A, we set
1Pra = Modp(a)(1Pr) € CAlg(2Pr)
and inductively
nPra = Mod,_1yp,, (nPr) € CAlg((n + 1)Pr).
More generally, for any C' € CAlg(1Pr), we set
1Pre = Mod¢(1Pr) € CAlg(2Pr)
and inductively
nPr¢ = Mod(,,—1)p, (nPr) € CAlg((n + 1)Pr).

We will discuss the preceding definitions in more detail in the coming lectures. These are
examples of the following general notion.

DEeFINITION 1.18. Let StRing beﬂ the oo-category of sequences (Aj, Ag,...) where
A, € CAlg(nPr)

4The name can be read simultaneously as an abbreviation for “Stefanich ring”, “stable ring”, and “string of
categories”. I refer to them as “Stefanich rings”.
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is a symmetric monoidal k-presentable (oo, n)-category, together with equivalences
A, = EndAn_,_1 (1)

in CAlg(nPr) for all n > 1.
Equivalently,
StRing = limgyq_(1)CAlg(nPr).

REMARK 1.19. In the original lecture, we asked that A is stable. Although this will generally
be the setting of interest, much of the basic theory works without the assumption, so we decided
to remove it. If A; is stable, one also gets the commutative ring

Ap = End4, (1) € CAlg(D(S))
in S-modules.

REMARK 1.20. For M = (My, My,...) € D(S), the addition operation on My is encoded in
the deloopings My, Ma, ... via My = Q"(M,,). Similarly, for A = (Ao, A1,...) € StRing (with A;
stable, say), the multiplication operation on Ay is encoded in the “deloopings” Ay, Ag, . ... Namely,
in the definition of StRing, we could equivalently just consider pointed A,, € nPr with equivalences
A, = Endy, , (*) (with the pointing of A, corresponding to the identity). Then the symmetric
monoidal structure of A,, arises from its structure as an iterated endomorphism category, and in
particular the multiplication on Ay comes from

A() = EndAl(l) = EndEndAQ(l)(l) = ....

In this sense, StRing arises from the usual notion of a commutative ring by “taking full deloop-
ings of both addition and multiplication”.

Consider the functor from commutative rings to StRing given by A — (A, D(A), 1Pr4,2Pry4,...).
For a suitable Grothendieck topology 7, this extends to stacks, giving a functor from stacks to
StRing®. This functor is close to being conservative. In fact, in the context of analytic stacks
[CS24] one can be much more precise:

Fact 1.21. Consider the functor
PShv(AnRing®?) — StRing? : X — (O(X), Dyc(X),1Prx, 2Prx,...)

obtained via left Kan extension. Then a map f: X — Y of Ry-compact objects in PShv(AnRing®P)
becomes an isomorphism in AnStack if and only if it becomes an isomorphism in StRing°?. In
other words, the functor factors as

PShv(AnRing®?) — AnStack — StRing®?
where the second functor is conservative on Ni-compact objectsﬂ

REMARK 1.22. The definition of AnStack in [CS24] is subtle, as it is an co-topos between
sheaves and hypersheaves on AnRing for some Grothendieck topology. The above fact gives the
clearest explanation for our precise choice of definition of AnStackﬁ

5The restriction to Ni-compact objects is harmless in practice — all stacks one ever considers are countable
colimits of affines.

6In fact, the definition in the lectures [CS24] was slightly wrong — it did not define an oo-topos — but the
corrected definition given in [ABL™ 25| Definition 4.2.1] is equivalent to the above.



14 GEOMETRY AND HIGHER CATEGORY THEORY

We see that passing from geometry to algebra in this sense is conservative. Thus, the following
question becomes sensible.

QUESTION 1.23. Is it reasonable to build a notion of geometry by starting with all of StRing
in place of commutative rings?

In we mentioned two problems with a similar proposal. Let us analyze them in this new
context:

(1) Obviously StRing is even more uncontrollable than its full subcategory CAlg(1Prs); we
certainly did not improve on this front.

(2) It turns out that it is no longer necessary to choose a Grothendieck topology, or pass to
sheaves!

Namely:

THEOREM 1.24 (S.—Stefanich). For all practical purposes, the (0o, 1)-category StRing®® is an
oo-topos in the sense of Lurie.

REMARK 1.25. We will make the qualifier “For all practical purposes” more precise later in the
lectures. Part of it has to do with our choice of cutoff cardinal kK — for example, as StRing is a
presentable oco-category, its opposite co-category cannot also be presentable.

In particular, StRing®® carries a canonical Grothendieck topology, namely the one where covers
are the effective epimorphisms of this topos. And as it already is a topos, we do not need to adjoin
any new colimits. Thus, we restore a perfect duality between geometry and algebra!

Obviously, one needs a name for the corresponding geometric objects. They are some higher
notion of “stacks”, but we believe they should not carry a derivative name, but rather are their
own kind of thing. We settled for the following German word, meaning “shape, form, figure”.

DEFINITION 1.26. The (o0, 1)-category of Gestalten is
Gest := StRing®P.
For A € StRing, we denote by Gest(A) € Gest the corresponding Gestalt.

The goal of the lectures is to show that this is a workable theory of geometric objects, and to
give many examples.

ExXAMPLE 1.27.

(1) By the above, there is a functor from algebraic stacks or also analytic stacks towards
Gestalten. By Tannakian theorems, these functors are fully faithful on certain reasonable
large subcategories. However, they fail to be fully faithful in general. For example, if
R~ denotes the internal real numbers object of Gest qest(p(z)) (Which in fact comes from
the Betti stack Rs Betti via the map from algebraic stacks to Gestalten), then there is a
nontrivial map

* — */R>0

in Gestalten that does not come from a map of algebraic stacks. This comes from the
discussion in [Sch25c].
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One can define a 6-functor formalism on Gestalten, for a certain class E of !-able maps,
and hence define many geometric notions inherent to any 6-functor formalism, such as
open immersions, (cohomologically) étale maps, (cohomologically) smooth maps, (coho-
mologically) proper maps, etc. This pulls back to the 6-functor formalism on analytic
stacks.

Recall from [Sch25b] that empirically, many 6-functor formalisms D : C°? — 1Pr factor
over analytic stacks as

C°P s AnStack® 2% 1Pr.

Replacing analytic stacks by Gestalten, it turns out (cf. [Ste25al) that for any presentable
6-functor formalism one can construct a factorization as
CP? — Gest®® = StRing And, 1Pr,

for some functor

C — Gest: X — [X]p.
In different language, any six-functor formalism on C' yields a transmutation C' — Gest,
X — [X]p, commuting with finite limits, and with gluings with respect to the !-topology
of [Sch25b, Appendix to Lecture V].

In particular, the motivic 6-functor formalism SH of Morel-Voevodsky [M[V99] defines a Gestalt

[Spec(Z)]su. The following theorem will appear in Aoki’s thesis [Aok25b], and makes precise the
idea that motives are related to ring stacks (or rather Ringgestalten), cf. [Sch24]. We mention it
here as an example of the new kinds of geometry enabled by the formalism we want to develop
in these lectures; and as an example that despite the immense generality, one can still give clean
statements.

THEOREM 1.28 (Aoki). The Gestalt [Spec(Z)|su represents the functor taking a Gestalt X over

(1)
(2)

Gest(S) to the groupoid of Ringgestalten R over X such that

The map R — X is 1-affine, cohomologically smooth, and homologically contractible, and

the zero section X > R is a closed immersion, the units R* < R form an open immersion,
and together they form a stratification of R.
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2. Lecture II: A Category of Categories that contains itself

In this lecture, we start to make some of the definitions from the introductory lecture precise.
As is clear from that lecture, we will have to talk about “categories of categories of ... of categories”.
The standard approach would be to fix a universe level each time — i.e., there is a “large category
of small categories”, a “very large category of large categories of small categories”, etc. I feel very
uncomfortable with all those choices of universe levels, and I believe it also becomes unwieldy to
work in such a formalism. Instead, in this lecture, we will present a formalism where this universe-
juggling is not required, and instead we have a “category of categories” that literally contains
itself.

As this lecture deals with certain foundational issues, I should make some clarifications about
my metatheory. I want to speak about classes, so let us work in the von Neumann—Bernays—
Godel axioms NBG; recall that this is basically a repackaging of ZFC which allows proper classes
besides sets. Below, I will consider various categories or (0o, 1)-categories. I will allow the objects
of an (o0, 1)-category to form a proper class, but all morphisms sets (or anima) are asked to be
(essentially) small, i.e. the (o0, 1)-category is locally small. This is the case, in particular, for Set,
or also anima Ani.

Let me now start in earnest. It has been observed already by Cantor that the “collection of
all sets” cannot itself be a set — it is too large for this to be the case. But structurally, there is
another reason: the “collection of all sets” should not even be a set, rather it should be a category.
Namely, structurally, it does not make sense to ask for two sets to be equal; one can only consider
the groupoid of all sets as a natural mathematical object. So there are two issues with trying to
consider the “collection of all sets” as a set itself: One of size, and one of structural nature — it
should rather be a category (or at least a groupoid, neglecting non-invertible maps).

Focusing on the structural aspect for the moment, the “collection of all groupoids” or “collection
of all categories” should itself not be a groupoid or category — rather, it should be a 2-groupoid or
2-category. This process continues, leading, at least intuitively, to notions of n-categories for all n,
up to and including n = oco. It is useful to have the following slightly finer notion:

DEFINITION 2.1. For 0 < m < n < oo, an (n,m)-category is an n-category in which all k-
morphisms are invertible for k > m.

For example, an (n,0)-category is the same as an n-groupoid, which (by the homotopy hypoth-
esis, or by definition) is the same thing as an n-truncated anima. Building on ideas of Boardman—
Vogt and Joyal, Lurie has developed an extensive theory of (oo, 1)-categories [Lur09b].

Now passing to the limit n = oo, structurally the “collection of all co-groupoids” has the right
to itself be an co-groupoid. It has slightly more structure, namely that of an (oo, 1)-category, but
we are free to forget the non-invertible maps. Similarly, the “collection of all (0o, 1)-categories” is
most naturally an (oo, 2)-category, but we are free to forget the non-invertible 2-morphisms and
treat it as an (oo, 1)-category.

However, the size issues remain — in our chosen setup where objects may form a proper class,
there is an (0o, 1)-category Catso of small (00, 1)-categories, but it is not itself small.

On the other hand, the examples of (0o, 1)-categories we would like to organize into an (oo, 1)-
category are themselves large — for example, for any ring A, we would like to consider the (oo, 1)-
category D(A). Thus Cato, does not only not contain itself as an object, it contains none of the
relevant examples as objects. However, while the examples like D(A) are large, they are controlled
by a small subcategory: There is the full subcategory Perf(A) of perfect complexes (i.e., those that
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can be represented by finite complexes of finite projective A-modules), which is essentially small,
and D(A) = Ind(Perf(A)) is gotten by formally adding all filtered colimits. This is a general pattern
for virtually all large categories arising in practice, and axiomatized in the following definition of
“presentability”.

DEFINITION 2.2. Let C be an (oo, 1)—category[| Assume that C' admits all small colimits.

(1) An object X € C'is compact if Hom¢g (X, —) : C — Ani commutes with filtered colimits.

(2) More generally, if x is a regular cardinal, an object X € C is k-compact if Home (X, —) :
C — Ani commutes with x-filtered colimits.

(3) The (o0, 1)-category C' is k-presentable if there is a set S of k-compact objects of C' such
that every object of C' can be written as a small colimit of a diagram with values in S.

(4) The (00, 1)-category C is presentable if it is x-presentable for some regular cardinal .

REMARK 2.3. We recall some notions used here.

(1) A cardinal x is regular if the union of < x many sets of size < & is still less than . This
is the case for k = R, and if K = A1 is the successor cardinal of some )\, which will be the
cases of interest to us.

(2) A small (00, 1)-category C is k-filtered if for any (oo, 1)-category D of size < k, any map
D — C can be extended to D* — C (where D" is the (0o, 1)-category obtained from D by
freely adjoining a final object); in other words, from the perspective of k-small categories,
C looks like it has a final object.

(3) The notion of k-compact objects should be regarded as “< k-presented”. We will mostly
care about k = N; (often written as the ordinal w;), in which case this is the notion of
countable presentation.

THEOREM 2.4. Let C be a k-presentable (0o, 1)-category. Then the subcategory C* C C of
K-compact objects is essentially small, and the natural functor

Ind,(C") —» C
1s an equivalence, where Ind, freely adjoins k-filtered colimits.

Proor. First, we check fully faithfulness. Consider formal colimits “colim”; X; and “colim”; Y}

in Ind,(C*). Then
Hom¢ (colim; X;, colim;Y;) = lim;Home (X, colim;Y;) = lim;colim;Home (X, Yj)

where the first equality is by definition of colimits, and the second follows from x-compactness of
all X;. But the last term is exactly what morphisms in Ind,(C*) are defined to be.

For essential surjectivity, let D € C be any object. Write D as a colimit colim;c;X; of objects
X; € S, where S is a set of k-compact objects as in the definition. Think of I as a simplicial set as
in the official definition of (0o, 1)-categories as quasicategories. Write I as the union of its xk-small
subsimplicial sets I’ C I. As k is regular, the collection of such I’ is a r-filtered partially ordered
set. We can then write

colim;c 7 X; = colimy (colim;e r X;) .

Here, the inner colimit colim;cr X; is a k-small colimit of k-compact objects and thus itself x-
compact; while the outer colimit is s-filtered. This shows that Ind, (C*) — C is essentially surjec-
tive, and hence the equivalence.

TAs stated above, we always require that C is locally small.



18 GEOMETRY AND HIGHER CATEGORY THEORY

It remains to see that C* is essentially small. But if D above is k-compact, then the isomorphism
D= COhm[/C] (COliHlieI/XZ’)

factors over colim;cp X; for some s-small I’ C I, making D a retract of colim;cp X;. But there is
a set of worth of k-small I’ up to isomorphism, a set worth of functors I’ — S for each I’ (as C is
locally small), and a set of worth of possible retracts of colim;c ;s X; for each I’ — S, showing that
C" is essentially small. O

REMARK 2.5. The terminology used to be “locally presentable category” (cf. e.g. [GUT1]),
emphasizing that each object of C' can be presented in terms of the generating objects in C*.
However, it makes sense to drop “locally”, as in fact C itself admits a presentation. Namely (cf.
[Lur09bl Theorem 5.5.1.1 (5)]), C' is presentable if and only if there is a small (oo, 1)-category S
and a set R of maps in the (0o, 1)-category (S) freely generated by S under small colimits, such that
C' is the free (00, 1)-category with all small colimits with a map from S and such that all maps in
R become isomorphisms. Concretely, by [Lur09bl, Theorem 5.1.5.6], (S) = Fun(S°P, Ani) via the
Yoneda embedding, and inverting all maps in R corresponds to passing to the full subcategory of
those functors F' : S°? — Ani such that mapping any morphism in R to F' yields an isomorphism.

In this perspective, C' is k-presentable if R consists of maps in the (oo, 1)-category generated
by S under x-small colimits.

REMARK 2.6. All of our categories of interest such as Set, Ring, Ani, D(A) are presentable. In
fact these examples are even k-presentable for k = Ng; i.e., compactly generated. However, there
are many interesting examples that are not compactly generated, for example almost modules,
or categories of sheaves on manifolds. These are still “countably compactly generated”, i.e. x-
presentable for k = N;. We will not run into x-presentable categories for which x > W; is required
(but of course it is easy to build examples if one is specifically looking for them).

Coming back to the discussion from the beginning, we would like to have a collection of all
presentable (0o, 1)-categories, and ideally that should itself be a presentable (oo, 1)-category. Lurie
makes the following definitions, passing up to a larger universe to avoid size issues; we will momen-
tarily discuss these size issues.

DEFINITION 2.7. Let Pr” be the (0o, 1)-category whose objects are presentable (0o, 1)-categories,
and morphisms are colimit-preserving functors

For a regular cardinal , let Prﬁ C Pr® be the non-full subcategory whose objects are k-
presentable (oo, 1)-categories, and morphisms are those colimit-preserving functors that also pre-
serve k-compact objects.

REMARK 2.8. As each presentable (0o, 1)-category has a class of objects, we cannot collect
those together as in NBG there are no “classes of classes”. A way out is to encode a presentable
(00, 1)-category C instead as a pair (k,C") consisting of a regular cardinal x and a small (oo, 1)-
category C" so that C' = Ind,(C"); this does define a class. However, there is a more serious issue,
in that Pr’ is not even locally small — for any C' € Pr”, one has Homp (Ani,C') = C as Ani is the
free presentable (0o, 1)-category on one object.

On the other hand, PrZ is locally small - for example, Homyp, 1 (Ani, C) = C*. So PrZ can be
defined in our framework. )

8In the quasicategory model for (oo, 1)-categories, this is a strict 1-category enriched in Kan complexes; one then
passes to the homotopy-coherent nerve.
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We see that Pr’ is too large to be an object of itself — it is not even locally small. However:

THEOREM 2.9 (Campion [Cam22], [Aok25a, Proposition 2.3]). The (oo, 1)-category PrE is
itself k-presentable, i.e.
Prl ¢ Prk.

As written, this seems to contradict the axiom of Foundation of ZFC, but upon closer inspection
of our encoding, this disappears. Namely, in our encoding the actual objects of Pr£ are not k-
presentable C' but their subcategories C* of k-compact objects.

PrOOF. The starting point is “Gabriel-Ulmer duality” (cf. [GUT1], [Lur09b, Proposition
5.5.7.8, Proposition 5.5.7.10]), giving an equivalence between Prl and the (0o, 1)-category Rex,
of small (o0, 1)-categories D admitting all x-small colimits and retracts, and functors preserving
k-small colimitsﬂ In one direction, this takes C' to C*; in the reverse direction D to Ind (D).
Implicitly, we in fact used this equivalence in our definition of Pré .

Thus, it is enough to prove that Rex, is k-presentable. First, it is clearly locally small. Now
consider the forgetful functor

G : Rex,, — Catyo

to the (oo, 1)-category of small (oo, 1)-categories. This admits a left adjoint F', taking any S € Catoo
to Fun(S°P, Ani)”; indeed, this follows from Gabriel-Ulmer duality and Fun(S°P, Ani) being the
free presentable (oo, 1)-category on S, cf. [Lur09bl Theorem 5.1.5.6]. We claim that this yields
a monadic adjunction, making Rex, equivalent to algebras over the monad GF on Cats. By
Barr-Beck—Lurie [Lurl7, Theorem 4.7.3.5], it suffices to show that G is conservative, and Rex,
admits and G preserves G-split geometric realizations. It is clear that G is conservative. Consider a
simplicial diagram C, in Rex, with geometric realization C'_; in Cato, and assume that Cy — C_1
is split in Catso. For any x-small diagram I, also Fun(Z,Cs) — Fun(I,C_1) is a (split) geometric
realization in Cat; applying this to I and I”, one easily deduces the claim.

As Caty has all small colimits and Rex, is monadic over Caty, it follows that Rex, has all
small colimits. Moreover, Cat, is compactly generated (by simplex categories A™), so it suffices
to see that F' preserves k-compact objects. This is equivalent to showing that its right adjoint
G preserves r-filtered colimits. This is [Lur09bl Proposition 5.5.7.11]; let us briefly recall the
argument. The key is to see that for a k-filtered diagram D;, i € I, of objects D; € Rexy, their
k-filtered colimit D = colim;D; in Caty, still admits k-small colimits, and all functors D; — D
preserve k-small colimits. But any x-small diagram J — D factors over J — D; for some ¢, as [
is r-filtered. One can then take the colimit along J in D;, and this colimit is preserved under all
further functors D; — D; (as the functors commute with s-small colimits); this ensures that that
it also defines a colimit in D. g

QUESTION 2.10. Given that Prl is x-presentable, it has a large subcategory (Pr2)* of x-compact
objects. Is it, in fact, a k-compact object of itself, i.e.

Prl e (Prly~?
Campion claims that this is false in [Cam22]. This is not quite the full truth:

PROPOSITION 2.11. One has Prﬁ € (Prﬁ)’“‘ if and only if k is not a limit cardinal.

9Any functor preserves retracts; and if Kk > Yo, then existence of retracts follows from existence of k-small
colimits.
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Recall that regular limit cardinals are precisely the weakly inaccessible cardinals, so the condi-
tion is that k is not weakly inaccessible. We will be mostly interested in k = Ny which is not a limit
cardinal, so Pré is a k-compact object of itself. It seems a bit awkward that the good behaviour
happens precisely for x which are not (weakly) inaccessible.

SKETCH. If k is a limit cardinal and uncountable, then
PrZ = colimy .. Pr¥

in Prl, where the colimit diagram is of size & (so not s-small), and in fact -filtered by regularity
of s, and Pr’ is not a retract of Pr{ for A < x. Thus, Pr’ cannot be a x-compact object of PrZ.
The case k = Ny requires a special argument.

Now assume that & is not a limit cardinal so k = A is the successor of some (infinite) cardinal
M. First, we note that Caty, is a k-compact object of Prﬁ07 and hence in Prﬁ . Now to ensure
the existence and preservation of general k-small colimits, we only need to consider initial objects,
pushouts, and disjoint unions of A many objects. This describes Rex, as objects D € Cato, together
with an object () € D, a pushout operation Fun(A! Lixo A!,C) — C and a disjoint union operation
D> — D satisfying certain compatibilities (countably many). From this description, one can see
that Rex, is a x-compact object of PrZ. O

Using this k-compactness (assuming & is a successor cardinal), we can formulate a more finitary
version of a “category of categories that contains itself”, running into no class-sized categories at
all. Namely, we can consider Rex!, = (Rex,)", the (essentially) small (0o, 1)-category of k-compact
objects in the k-presentable (oo, 1)-category Rex, (of small (0o, 1)-categories admitting k-small
colimits, with functors preserving x-small colimits). In other words, the objects of Rex[ are those
small (oo, 1)-categories with x-small colimits that admit some x-small presentation.

COROLLARY 2.12. For successor cardinals k, we have Rex;, € Rex}.

Here, the apparent contradiction to the Foundation axiom of ZFC is only resolved by closely
inspecting how one has, implicitly, turned essentially small categories into actually small categories.

ProOF. Under the equivalence Prl 2 Rex,, the object Prl is mapped to (Prk)®. But this is
equivalent to Rex}, and by the previous proposition is a k-compact object. O

To a large extent, the constructions of the following lectures could be executed in either the
setting of Prﬁ € Prﬁ or Rexl! € Rex};, and actually the two settings will lead to equivalent con-

structions (up to applying Gabriel-Ulmer duality). We prefer to work in the setting of Prg because
we will often use the adjoint functor theorem.



3. LECTURE III: ALGEBRA WITH CATEGORIES 21

3. Lecture III: Algebra with Categories

Lurie’s works [Lur09b] and [Lurl7] give a very convenient framework to do algebra in (sym-
metric monoidal) (0o, 1)-categories, such as the category D(S) of spectra (in the sense of algebraic
topology) — leading to the notions of E..-algebras, their (0o, 1)-categories of modules, etc. But
they also give something even more profound: Namely, all the ideas can be applied one categorical
level higher to the symmetric monoidal (oo, 1)-category Pr’, making it possible to do algebra with
categories. It turns out that this is an extraordinarily powerful idea whose full power is only slowly
being realized; it also shifts categories from being a meta-mathematical organizing tool to being
the objects that are manipulated.

The first important result about presentable (oo, 1)-categories is the adjoint functor theorem.

THEOREM 3.1 ([Lur09b, Corollary 5.5.2.9]). Let F': C'— D be a functor between presentable
(00, 1)-categories.
(1) The functor F admits a right adjoint if and only if F' commutes with all small colimits.
(2) The functor F admits a left adjoint if and only if F' commutes with all small limits, and
there is some reqular cardinal Kk such that F' commutes with k-filtered colimits.

The condition that there is some « for which F' commutes with k-filtered colimits is also known
as “F is accessible”. For a given k, it is equivalent to the condition that the left adjoint F* of F
preserves k-compact objects.

Together with the functoriality of passing to adjoint, this yields the following corollary. (As
stated, this requires us to pass to a larger universe; the version with x can be stated without.)

COROLLARY 3.2 ([Lur09b| Corollary 5.5.3.4]). Let Pr® be the (0o, 1)-category whose objects are
presentable (00, 1)-categories, and morphisms are accessible functors that commute with all small
limits. Then there is an equivalence

(Prl)op = prf

given by passing to adjoint functors.

Similarly, let Prit be the (0o, 1)-category whose objects are r-presentable (0o, 1)-categories, and
morphisms are functors that commute with k-filtered colimits, and all small limits. Then the above
equivalence restricts to an equivalence

Lyop ~ R
(Pr,)°P = Pr,.
Let us now discuss various operations within Pr’.

3.1. Limits of presentable (oo, 1)-categories. The simplest operation to understand are
limits.

PROPOSITION 3.3. The (00, 1)-category Prl admits all small limits, and the forgetful functor
to (large) (00, 1)-categories preserves small limits.

Similarly, the (oco,1)-category PrE admits all small limits, and the composite functor Prl =
Rex, — Caty, preserves small limits.

If k is uncountable, the inclusion Prﬁ — Prl preserves r-small limits.

We will generally take x = Ny; in this case, countable limits taken in Prg and in Pr” agree, and
also agree with the naive limit of (oo, 1)-categories.
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PROOF. The first part is [Lur09b, Proposition 5.5.3.13]. For the second part, it suffices to see
that Rex, — Caty preserves small limits. For this, let I — Rex, : ¢ — C; be some diagram in
Rex,, and let C' = lim;C; be the limit in Caty,. Then C admits k-small colimits, and these commute
with the k-small colimits in the C; — this easily follows from all transition functors commuting with
r-small colimits which ensures that taking colimits termwise in each C; actually produces an object
in C' again, which is then the desired colimit in C. This easily implies that C' is in fact the limit in
Rex,.

For the final statement, it suffices to handle k-small coproducts, and fibre products. If I is
r-small and C; € PrZ| then we need to see that the natural functor

Ind.([[cr) =[] ¢

is an equivalence. First, [[, CF C (], C;)" as each object of [[, CF is the s-small coproduct of its
coordinates, and hence a k-small colimit of k-compact objects, and so itself k-compact. On the
other hand, each object of [ [, C; is the coproduct of its coordinates, and those are colimits of objects
in CF, ensuring that every object of [[, C; is a colimit of objects in [[, CF. As [[,CF C [[, C; is
stable under k-small colimits, the equivalence follows.

In the case of fibre products, we need to see that for uncountable &, a fibre product D x¢o E of
k-small presentable (0o, 1)-categories along functors preserving k-compact objects is k-presentable,
and the resulting functors preserve k-compact objects. We recall the argument from [Aok25al

Proposition 3.2]. We have to see that the natural functor
IndH(D“ X Ow En) - D xcFE

is an equivalence. It is clear that D* xcx E® consists of k-compact objects in D X E, so the
functor is fully faithful; also, D* x¢ox E® is stable under x-small colimits. It remains to see that
any object X € D x¢ E is a colimit of objects in D" x¢ox E”. Consider the images Y € D, Z € F,
W eCof X €D xgE. We get a cartesian diagram

(D" xcn B%) ) x —> Y,

| |

D7Y 7W .

Here all corners except the upper left are known to be x-filtered, and all functors preserve x-small
colimits. Moreover, the right and bottom maps are cofinal. It suffices to see that also the upper
left term is x-filtered, and the left and top maps are cofinal: Then the colimit of the tautological
diagram

(DH Xk EH)/X — D xc FE
is given by X € D x¢ E (as the natural map to X becomes an isomorphism in D and E). This
cofinality follows from [Lur09b, Lemma 5.4.6.5] (applied with 7 := k, Kk := R). O

3.2. Colimits of presentable (0o, 1)-categories. Colimits of presentable (oo, 1)-categories
turn out to be more interesting — namely, as we will see, they are very far from the naive colimits
of (o0, 1)-categories. The naive colimit usually fails to have all small colimits, so these have to be
adjoined again. It is at first not clear that this can be done in a controllable way. Fortunately, the
adjoint functor theorem gives a way to understand the situation:
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THEOREM 3.4 ([Lur09b, Theorem 5.5.3.18, Proposition 5.5.7.6]). The (oo, 1)-category Prl
admits all small colimits. Equivalently, the (oo, 1)-category Prft admits all small limits; moreover,
they commute with the forgetful functor to (0o, 1)-categories.

Similarly, Prt admits all small colimits, and the inclusion PrE — PrY commutes with all small

colimits.

The key content here is that the limit along the right adjoint functors taken in (oo, 1)-categories
turns out to be presentable (and all relevant functors accessible); once one knows this, it is easy to
see that it satisfies the desired universal property.

Let us compute some examples.

ExaMPLE 3.5.

(1)
(1x)

Let I be a set, and let C; € Pr¥ be presentable (00, 1)-categories. Then the product of
the C; in Pr’ agrees with the naive product [, C; as (0o, 1)-categories.

Let I be a set, and let C; € Pré be k-presentable (oo, 1)-categories. Then the product of
the C; in Prg is given by

Prk
[1¢:=md(J]Cp).

There is a natural functor HZ-Pr£ C; — [1, C; which is an equivalence of |I| < k.

Let I be a set, and let C; € Pr” be presentable (00, 1)-categories. Then the coproduct of
the C; in Pr’ also agrees with the naive product IL; Ci as (0o, 1)-categories. Indeed, it
agrees with limit along the right adjoint functors as transition maps; but for a product,
there are no transition maps, so we just get the product. In particular, for any set I, the
natural map

prl prl
is an isomorphism. In other words (adapting the notion of semiadditivity from [Lurl7,
Definition 6.1.6.13] to arbitrary cardinals), it is k-semiadditive for all cardinals . This is
an extremely unusual property!

Let I be a set, and let C; € Prﬁ be k-presentable (0o, 1)-categories. Then the coproduct
of the C; in Prl is given by

prk Prl Prt
| |ci=]a=]]c=]]c¢

Thus, slightly confusingly, the coproduct of the C; (in Prﬁ ) is always the naive product,
while the product of the C; (in PrL) is in general different. However, if |I| < &, they agree,
so Prk is k-semiadditive.

Let S be a small (0o, 1)-category. Then the free presentable (0o, 1)-category (S)pres With a
functor from S is given by Fun(S°P, Ani), cf. [Lur09bl Theorem 5.1.5.6, Remark 5.5.3.7].
This can also be seen as an instance of colimits (or free constructions) in Pr¥” agreeing with
limits (or cofree constructions). Indeed, given any presentable C' with a functor i : S — C,
we get a functor C' — Fun(S°P, Ani) via X — (T" € S — Hom¢(i(T), X)). This functor
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commutes with all limits and is accessible, thus admits a left adjoint Fun(S°P, Ani) — C,
extending the given functor i, by construction. We note that (S)pres = Fun(S°P, Ani) is
compactly generated by S, in particular lies in Prﬁ for any x.

(4) Let S be a small (0o, 1)-category and let R be a set of maps in (S)pres = Fun(S°P, Ani).
Then there is a free presentable (0o, 1)-category generated by S in which all maps in R go
to isomorphisms,

<S>pres[R71]pres‘
Concretely, this is given by the full subcategory

Fun(S°P, Ani) C Fun(S°P, Ani)

of all functors F' : S°°? — Ani such that for all maps G — G’ in R, the map Hom(G', F') —
Hom(G, F) is an isomorphism. Indeed, the functor

(S) pres = Fun(S°P, Ani) — (S) pres[R™ pres

commutes with all colimits and hence has a right adjoint. This right adjoint is automat-
ically fully faithful, identifying (S)pres[R ™" |pres With the full subcategory Funf?(S°P, Ani)
described above, cf. [Lur09bl Proposition 5.5.4.20]. This is then another instance of de-
scribing free constructions in Prl as cofree constructions, in terms of passing to right
adjoints.

(5) The functor S + (S)pres from Cato, to Prl commutes with all small colimits. As a
particular instance, consider the case of pushouts of classifying spaces of groups */G <
« — x/H. The pushout in Cato, gives /(G * H) where G * H is the free product of G and
H. This is a group that is not in general easily descridable. The identification of colimits
in Pr¥ with limits says in this case

Fun(x/(G % H)?, Ani) = Fun(x/G°P, Ani) X api Fun(*/H°P, Ani),

giving a concise description of the free presentable (oo, 1)-category on x/(G * H). It is
saying in this case that to give an action of G * H is simply to give actions of G and
H individually. This is a general phenomenon: Colimits in Cats, give complicated free
constructions, but their presentable versions admit compact descriptions by using right
adjoints.

(6) Any presentable (oo, 1)-category C' admits a presentation as in (4). For example, if C' is
k-presentable, one can take S = C* and R to consist of all maps from a x-small colimit of
objects of C* taken in Fun((C*)°P, Ani) to the x-small colimit taken in C*. Then

C = Ind,(C*) = Fun™!*((C*)°P, Ani)

consists of functors (C*)°? — Ani commuting with x-small colimits. In particular, in this
case R consists of maps between k-small objects of (S)pres. Conversely, if R consists of
maps between x-small objects, then S maps to k-compact objects of C' and hence C' is
k-presentable.

3.3. Tensor products of presentable (oo, 1)-categories. Now we can also discuss tensor
products.
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DEFINITION /PROPOSITION 3.6. Let C' and D be presentable (00, 1)-categories. There is a uni-
versal presentable (00, 1)-category C' @ D equipped with a functor
CxD—-C®D

that commutes with small colimits in each variable. If C' and D are k-presentable, then C ® D is
k-presentable, and C' x D — C ® D preserves k-compact objects. This endows Pr’ and Prﬁ with
compatible symmetric monoidal structures, with unit object Ani.

To properly define the symmetric monoidal structure, we should phrase the universal property
for any finite set of presentable (0o, 1)-categories.

PRrROOF. (See [Lurl7, Proposition 4.8.1.15].) It suffices to prove existence. For this, choose
presentations

C= <S>pres[R71]preS7 D = <T>pres[Q71]pres‘
Then it is easy to see that
C @D := (S %X T)pres[(R X Q) pres

has the desired universal property. If C' and D are k-presentable, we can assume that S = C* and
T = D", and R and @) consist of maps between x-compact objects, in which case the same is true
for R x Q; hence S x T = C* x D" maps to k-compact objects of C ® D. O

ExAMPLE 3.7. Let us compute several tensor products.
(1) Assume C = (S)pres = Fun(S°P, Ani). Then

C ® D = Fun(S°?, D).
Indeed, for general C' as in the proof, we have
C ® D = Funf™@(S° x TP Ani)
= Fun®(S°P, Fun®(T°P, Ani))
= Fun®(S°P, D).

When R = (), this gives the above example.
(2) In general, the previous computation shows that when C' is k-presentable, we have

C ® D = Fun™!*((C*)°P, D).
(3) Let A be a ring. Then D>¢(A) has compact projective generators A" for n > 0, and so
Dso(A) = Funfite prod({ 47300 Api) .
It follows that for any D, we have
D>o(A) ® D = Funfinite prod(fgniop py.
This can be understood as “A-module objects in D”.

Adjoint to the tensor product, we get an internal Hom functor. This is in fact just recovering
the obvious functor categories:
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PROPOSITION 3.8. The symmetric monoidal (00, 1)-category Prl is cartesian closed. ForC,D €
Prk, the internal Hom is given by the presentable (co, 1)-category Fun®(C, D) of colimit-preserving
functors from C to D.

Similarly, the presentable symmetric monoidal (0o, 1)-category Prﬁ is cartesian closed. For
C,De Prﬁ, the internal Hom in Prﬁ is given by the k-presentable (0o, 1)-category

Ind, Fun®e= (C*, D).
IfC e Prﬁ is a k-compact object, then the natural comparison map
Ind,Fun®(C* D*) - Fun®(C, D),
between the two versions of the internal Hom, is an isomorphism.

PROOF. For the first part, it is clear that Fun” (C, D) has the correct universal property, once
one knows that it is presentable; this is [Lur09b), ]. Similarly, in PrZ, the description follows from
Gabriel-Ulmer duality. It remains to see that if C is a x-compact object of PrZ, the two descriptions
agree. As xk-small limits are the same in Prﬁ and Pr’, we can assume that C is the free presentable
(00, 1)-category on a simplex A™. In this case, it says that

Ind,Fun(A"™, D) — Fun(A", D)

is an equivalence for all k-presentable D, which is just the statement that the A™ are k-compact in
Prk. O

K

Now let C' be any symmetric monoidal k-presentable (oo, 1)-category; we always assume here
that the tensor product of C commutes with colimits in each variable and preserves x-compact
objects (and the unit of C' is k-compact). In other words, this is a commutative algebra object in
(Prl, ®). For any algebra A € Alg(C), one can define the s-presentable (oo, 1)-category of (left)
modules of A in C,

Mod4(C),

cf. [Lurl?, Section 4.2]. These are, intuitively, objects M € C together with an action map
A ®c M — M satisfying unitality and associativity as expressed in (higher) coherences. The
forgetful functor to C' has a left adjoint N — N®c A of “free A-modules”. If A is commutative, then
Mod4(C) acquires a symmetric monoidal structure making C' — Mod 4(C) symmetric monoidal,
cf. [Lurl7, Section 4.5]. This tensor product is given by

(M,M") — M @4 M’ =colim(... - M ®c A®c M' — M ®@c M')

the geometric realization of the simplicial Bar complex. This is a countable colimit, and it becomes
important that such countable colimits exist, and are preserved by various constructions. The
occurence of such countable colimits in the basic theory of modules is a key reason that we need
countable colimits and hence choose k = Nj.

Commutative algebra objects B in Mod 4(C') are equivalent to commutative algebra objects in
C equipped with a map from A,

CAlg(C) 4, = CAlg(Mod4(C)).

Now Mod 4(C) is itself a symmetric monoidal x-presentable (0o, 1)-categories over C. Applying
the previous displayed identification for C' = Prﬁ and A = C, we thus get

Mod(C) € CAlg(Pr}) ) = CAlg(Modc(Pr})).
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DEFINITION 3.9. Let C be a symmetric monoidal s-presentable (oo, 1)-category. The symmetric
monoidal (oo, 1)-category of C-linear k-presentable (0o, 1)-categories is

Modc(Prl).
We note Modc(Prﬁ ) is, itself, symmetric monoidal k-presentable, by applying the above dis-
cussion to C' = Prl (which is symmetric monoidal k-presentable) and A = C.

REMARK 3.10. If D € Mod¢c(PrL), then for any X,Y € D one has an object Homp(X,Y) € C,
determined as the universal object of C' with a map Homp(X,Y) ® X — Y (using the action
C x D — C®D — D). This determines an enrichment of D in C. We refer to [Hei23|, [GH15],
[BM24], [HM24,, Appendix C], [RZ25] for a discussion of enriched co-categories and their relation
to the presentable theory used here.

THEOREM 3.11. The functor A — Mod(C) yields a fully faithful functor
CAlg(C) — CAlg(Modc(Prk))
whose right adjoint is given by D — Endp(1). The displayed map is a map in CAlg(Prk).

PROOF. The fully faithfulness is [Lurl?, Corollary 4.8.5.21]; the identification of the right
adjoint is [Lurl7, Remark 4.8.5.12]. That everything lives in CAlg(PrL) is checked in [Aok25al
Lemma 2.11], by checking that the right adjoint D +— Endp(1) commutes with -filtered colimits.

O

EXAMPLE 3.12. Let C' = D(A) for some commutative ring A. Then it follows that for any
commutative A-algebras B and C, one has
D(B) ®D(A) D(C) = D(B XA C).

Indeed, this is a special case of the commutation of the above functor with colimits. More generally,
the theorem says that the algebraic operations of colimits and tensor products as performed on the
level of categories faithfully reflect the same operations at the level of rings and modules.

At this point, we have succeeded in pushing all the important algebraic operations to the level
of categories. But now we can use the self-referentiality of the previous lecture to blast through all
further categorical levels:

Apply Theorem to C = Prﬁ. We get an embedding
CAlg(Pry;) = CAlg(Modp,z (Prf)) : C = Mode (Pry).
If we define 2Prl = Modprg(Prg) (which, like for any C, is a symmetric monoidal x-presentable
(00, 1)-category), we thus get a full embedding
CAlg(Prl) < CAlg(2PrL).
But then we can apply Theorem again to C' = 2Pr£. Inductively setting
(n+1)Prk = Modnpré(PrS),

each of which is itself a symmetric monoidal x-presentable (0o, 1)-category, we get fully faithful
embeddings
CAlg(nPrl) — CAlg((n 4+ 1)Prk) : C — Mode(nPrk).
Finally, we can give the precise definition of Stefanich rings. From now on, we take k = Ny and
abbreviate nPr = nPrﬁl.
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DEFINITION 3.13. The symmetric monoidal k-presentable (oo, 1)-category of Stefanich rings is
StRing = colimpyes(CAlg(1Pr) — CAlg(2Pr) < ...)
= limgyq_(1)(CAlg(1Pr) < CAlg(2Pr) + ...);
that is, of sequences (Aj, Ao, ...) where A,, € CAlg(nPr) with isomorphisms
A, =2 Endy, (1)
REMARK 3.14. The embedding
CAlg(1Pr) — StRing
that is obvious from the colimit description is in the limit description given by
C — (C,1Pr¢ := Mod¢(1Pr), 2Pr¢ := Modpy. (2P1), .. .).
REMARK 3.15. We are consistently ignoring (oo, n)-categorical structures when n > 1, treating
nPr merely as an (0o, 1)-category. We could remember its structure as an (oco,n + 1)-category,
using which also CAlg(nPr) has an (0o, n+ 1)-category structure. However, the transition functors

defining StRing are incompatible with the higher morphisms, so that StRing really only is an
(00, 1)-category.

REMARK 3.16. As everything is k-compactly generated, it can be equivalently described through
the k-compact objects. This in fact gives a description in terms of the self-referential Rex]; € Rex}.
More precisely, if we inductively define 1Rex]. = Rex]; and

(n + 1)Rex;; = Mod,Rrex: (Rexy) € CAlg(Rexy),
then (nPrl)® = Ind,(nRex%); ie., nPrl = nRex, if we formally define nRex, = Ind,(nRex%)
(leading to consistent notation). This describes
StRing"™ = colimpey, (CAlg(Rex))) — CAlg(2Rex)) — ...) € CAlg(Rex}).
(Note that in this case, we do not have a description in terms of a limit along right adjoints, as the

right adjoint functors D — Endp(1) do not preserve k-compact objects.) This gives a description
of StRing in more “finitary” terms — this description does not involve any class-sized categories.
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4. Lecture IV: Quasicoherent Sheaves of Higher Categories, 1

The goal of this lecture and the next is to associate to any algebraic stack X a Stefanich ring
(O(X),D(X),Prx,2Pryx,...)

and study the properties of the resulting associations X — nPrx — in fact, they will all be 6-functor
formalisms, with interesting properties.

An extremely brief history: The case X — D(X) is of course classical and goes back to the
work of the Grothendieck school on coherent duality. One categorical level up, the case X — Prx
was studied notably by Gaitsgory [Gail5] and Lurie. The case n > 2 was developed in Stefanich’s
thesis [Ste21].

4.1. Higher linear categories. In this lecture, we start with the affine case. Let C' be (the
opposite of) some (0o, 1)-category of derived rings; this could be animated rings, connective Eo-
Z-algebras, connective E-S-algebras, or even the whole (0o, 1)-category of E-algebras in D(S).
For definiteness, let us take Eoo-algebras in D(S). We formally denote objects of C' as Spec(A).

Thus, the preceding lecture gives us a fully faithful, colimit-preserving functor

C°P? — StRing : Spec(A) — (D(A),1Pra,2Pry,...).

Here, inductively (n+1)Prg = Mod,,p,((n+1)Pr). Note that in particular each nPr4 € CAlg((n+
1)Pr). But (n + 1)Pr = Mod,,p,(1Pr), and in general for any symmetric monoidal presentable
(00, 1)-category C' (here, 1Pr) with a commutative algebra object B € CAlg(C') (here, nPr), one
has CAlg(Modp(C)) = CAlg(C)p/. Moreover, this equivalence is compatible with passing to
module categories. Applying this to the object

nPra € CAlg((n + 1)Pr) = CAlg(Mod,,p,(1Pr)) = CAlg(1Pr),,p,/,
we see that we can also write
(n 4+ 1)Prq = Mod,py, (1Pr),

giving an inductive definition of nPr4 € CAlg(1Pr). In particular, all of these higher categories are
just instances of V-linear categories Mody (1Pr), for some V € CAlg(1Pr).
For any n > 0, we get a functor

C? — CAlg(1Pr) : Spec(A) — nPra,

where we abusively denote 0Pr4 := D(A). This encodes pullback and tensor functoriality, which by
presentability automatically admit right adjoints; thus, we have the four functors (f*, f., ®, Hom).
We would like to extend this to a 6-functor formalism. For n = 0, one option is to declare all maps
to be proper, so that fi = fi; to see that this is sensible, one has to prove that f, commutes with
base change, satisfies the projection formula, and commutes with colimits. In fact, this is true for
alln > 0:

PROPOSITION 4.1. Let f:Y = Spec(B) — X = Spec(A) be a map in C. Then
fr:nPrqg — nPrp
admits an nPr z-linear colimit-preserving right adjoint
frns :nPrp — nPry.

Moreover, fn. commutes with base change.
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If B is a countably presented A-algebra, then fn. also preserves Ni-compact objects, and hence
defines a morphism in 1Pr, and hence in (n + 1)Pr4 = Mod,p;, (1Pr).

If B is not countably presented, fy. would only define a morphism in Mod,p; , (Prl).

PROOF. Assume n > 1 (although essentially the same argument works for n = 0). Recall that
¥ is obtained from the map

frq:(n—1)Prgy — (n —1)Prp € CAlg(nPr)

n

by applying Mod_ (nPr). Now more generally, for any V € CAlg(Pr*) (here, nPr) and any map
g: R — S in CAlg(V), the symmetric monoidal functor

—®rS: MOdR(V) — Mods(V)

has a V-linear colimit-preserving right adjoint, namely the forgetful functor Modg(V) — Modg(V)
(interpreting adjoint functors in terms of the corresponding biCartesian fibrations, this follows
from [Lurl?, Corollary 4.2.3.2, Corollary 4.2.3.5, Theorem 4.5.3.1]). Moreover, for any symmetric
monoidal functor ¥V — V', giving a map R’ — S’ in CAlg()’), these functors commute with base
change along V — V.

If A — B is countably presented, then inductively nPrp is countably presented over nPr4
(as a commutative algebra, or equivalently as a module resp. as an associative algebra); thus, the
forgetful functor nPrg — nPr4 preserves Ni-compact objects — it is enough to check that the
image of the unit is Nj-compact, and this is (n — 1)Pr4. O

In particular, for any n > 0, we get a six-functor formalism
Corr(C) — Pr’ : Spec(A) — nPry
for the class E of all morphisms, all of which are regarded as “proper”. If we restrict £ to the
countably presented maps, this factors as
Corr(C,E) — (n+ 1)Pr : Spec(A) — nPr4.
4.2. Ambidexterity. It turns out that for n > 1, one has not only well-behaved right adjoints,
but also well-behaved (and identical!) left adjoints. This phenomenon, of functors having identical

left and right adjoints, is known as “ambidexterity”, a term introduced by Hopkins-Lurie [HL13].
Before addressing this, let us quickly recall the notion of adjoints in (0o, 2)-categories.

DEFINITION 4.2. Let C be an (0o, 2)-category| | Let F': X — Y be a map in C.
The map F' is a left adjoint if there is a map F'*: Y — X in C such that there exist maps

n:idy — FRFEe: FFR - idy
in the (oo, 1)-categories Endc(X) resp. Endc(Y'), such that the composites
p I ppRp <, p pR 2 pRppr Fle pR
are equivalent to the identity.
Dually, F is a right adjoint if there is a map F'* : Y — X in C such that there exist maps
n:idx — FFY e: FFF — idy

10The reader is invited to take this to mean C € 2Pr for the present discussion, but the definition makes sense
for any reasonable notion of (oo, 2)-category.
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in the (oo, 1)-categories Endc(X) resp. Endc (Y), such that the composites
F
FL 2 plppl < pL p 2 pplp I p
are equivalent to the identity.

If F is a left adjoint, the right adjoint F¥* equipped with 7 and € is unique up to isomorphism,
and its left adjoint is given by (F®)X = F (with the identical n and €). Indeed, if ((FE), 7/, ¢) is
another right adjoint, then the composite

Ry ¢
(F7)

FR T]F (FR) FFR (FR)/

is an isomorphism, with inverse
R
(FR)/ n(F ) FRF(FR)/ Fe FR.

REMARK 4.3. In our formalism of presentable (co,n)-categories, there are forgetful functors
nPr — kPr for any & < n. Indeed, there is a symmetric monoidal functor Ani — 1Pr (as Ani is
the unit object) which inductively yields symmetric monoidal functors nPr — (n+ 1)Pr by passing
to modules, and hence as right adjoints forgetful functors (n + 1)Pr — nPr. In particular, the
preceding definition can be applied to objects of nPr for any n > 2.

We can now state the following general ambidexterity resultﬂ

PROPOSITION 4.4. Let C be an (o0, 3)-category. Let F : X — Y be a morphism in C. The
following conditions are equivalent.

(i) The map F admits a right adjoint F® :Y — X and both n : idx — FRF in the (00, 2)-
category Endc(X), and € : FFR — idy in the (o0o,2)-category Endc(Y), admit right
adjoints.

(ii) The map F admits a left adjoint F¥ : Y — X and both n : idy — FF in the (c0,2)-
category Endc(Y), and € : FFF — idx in the (0o, 2)-category Endc(X), admit left ad-
joints.

In this case, there is a canonical identification F* = FE,

REMARK 4.5. There is a dual version: We can replace (i) by the condition that the right adjoint
FE of F exists, and that 1 and € admit left adjoints; one then has to replace (ii) by the condition
that the left adjoint F' of F' exists, and that  and e admit right adjoints. Again, this yields a
canonical identification F* = FE,

However, one must ask that 1 and € admit the same type of adjoint for this result to apply.

PrOOF. We prove that (i) implies (ii), with F'% = F®; the dual argument proves the converse.
To see that F'® is a left adjoint of F', we need to find 1 : id — FF® and € : FRF — id, satisfying
the triangle conditions. But we can simply take n/ = €® and ¢ = nf. The triangle conditions
follow as forming right adjoints is compatible with composition. Moreover, by their definition as
right adjoints, " and ¢ admit left adjoints, giving (ii). O

HThis is certainly very old, but I don’t know the original reference. One reference is [Lur09al, Remark 3.4.22].
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COROLLARY 4.6. Let f :' Y = Spec(B) — X = Spec(A) be a map in C. Assume that B is a
countably presented A-algebra. For n > 1, the functor f} : nPra — nPrp admits an nPra-linear
left adjoint fpy : nPrgp — nPra, commuting with base change. Moreover, there is a canonical
identification fpg = frx.

PROOF. We apply the preceding proposition with C = (n+ 1)Pr4 (which lies in (n + 2)Pr and
hence in 3Pr, as n > 1), to the functor f; : nPry — nPrp. We already know that there is a right
adjoint fn« : nPrg — nPry in (n + 1)Prs. We need to see that

n:id = fosfo
in nPra = End,41)py, (nPra,nPra) and
€: frfne —id

in Endy,41)py, (nPrp, nPrp) admit right adjoints.
For 7, note that all functors in sight are nPr4-linear, so n is fully determined by its effect on

the unit, which is
fai:(n=1)Pry — (n—1)Prp

n

in nPrs. But as n > 1, this still has a right adjoint in nPra.
For €, we consider the base change diagram

Yy — 2y xyY L oy
)
!

Then we have the map na : id = A, A} in End(n+l)PrB®AB(nPrB®AB)7 and py, . 0 1A 0 ¢ yields a
map

P IAG ¢ o foe = Py = Prsln Ay = idy id) = id.
This is in fact e: To see this, it suffices to show that n and p,, «ona og;, satisfy the triangle identities,
which is a consequence of base change (and holds in any six-functor formalism). But na admits a
right adjoint, and hence so does p, « 0o 1A © ¢},

To show that f,; commutes with base change, we apply the same argument in Fun(Al, (n +
1)Pr4) (noting that admitting a left adjoint in Fun(A!, C) is equivalent to the assertion that both
values admit left adjoints, and these satisfy the Beck—Chevalley base change condition). In fact,
applying it in Fun(C™°P, (n + 1)Pr) shows that fns & f,. as functors C¥1:°P — (n + 1)Pr. O

Thus, for n > 1, “all maps are étale and proper” (or at least all countably presented maps). A
particular consequence is the following dualizability statement (that can also be verified directly).

COROLLARY 4.7. Let f : A — B be a countably presented map of Eoo-algebras. For n > 1, the
object fn(1) = (n — 1)Prp € nPry is dualizable.

PROOF. Indeed, proper pushforward along cohomologically smooth maps preserves dualizable
objects. Concretely, (n — 1)Prp is selfdual, with evaluation

A* 1
(n—1)Prg Qupr, (n —1)Prp = (n — 1)Prpg B — (n—1)Prp fn—l—> (n—1)Prp
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and coevaluation

':;.— Anf *
(n—1)Pry f—1> (n—1)Prp —nobe (n—1)Prpg,B = (n—1)Prg ®,pr, (n —1)Prp.
O

4.3. Descent. As a final topic of this lecture, we discuss the descent properties of A — nPr 4.
A standard choice for a Grothendieck topology on C' is the fpqc topology, where covers are faithfully
flat maps. Here a map A — B of E.-algebras is faithfully flat if 1A — 7o B is a faithfully flat
map of static rings, and for all ¢ € Z the map mA ®z,4 moB — m;B is an isomorphism.

The following theorem is essentially due to Mathew [Mat16l, Corollary 3.33, Proposition 3.45].
We reproduce some of his arguments below.

THEOREM 4.8. For any n > 0, the functor
C? — 1Pr : Spec(A) — nPry
1 a hypersheaf in the fpqc topology.

REMARK 4.9. The experts may be confused that there is no assumption here that the fpqc
cover is countably presented. The reason is that we replaced Pr by Prﬁl: It turns out that making
this “countability” assumption on the categories, we do not need to put it on the fpqc covers.

We note that in the statement, we could replace the target 1Pr by Pr’ or (large) (oo, 1)-
categories: The sheaf condition only involves countable limits, and those are computed naively.
What is important, however, is that already for n = 1, we send A only to Modp A)(PT§1)7 not

the full Modp4) (Prl): In that case, there are counterexamples due to Zelich [Zel24] and Aoki
[Aok24].

PrROOF. As A — nPry commutes with finite products, it suffices to see that for any fpqc
hypercover A — A, of E-rings, the map

nPry — limanPr4,

is an isomorphism (in 1Pr, or equivalently in (n+ 1)Prgq = Mod,p;, (1Pr)). First, we reduce to the
countably presented case. Note that any faithfully flat map is an Ny-filtered colimit of countably
presented faithfully flat maps, cf. Lemma below. This formally implies a similar statement
for hypercovers. But 1Pr is Ny-compactly generated and hence Ni-filtered colimits commute with
countable limits. This lets us pull the Nj-filtered colimit out of the countable limit, and hence
reduce to the case that A; are countably presented A-algebras.

We now start by proving the key non-formal input. In this countably presented hypercover
situation, under !-pullback (the right adjoint functors to *-pushforward) the functor

D(A) — limy D(A,)

is an equivalence. We first check fully faithfulness. As the displayed functor has a left adjoint,
given as the geometric realization of the forgetful functors D(A,) — D(A), we need to see that for
all M € D(A), the map

M — colimpop Hom 4 (As, M)

is an isomorphism. For this, in turn, it suffices to see that the map

A— limAA.
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is a pro-isomorphism
A= {hmASon}m-

Passing to connective covers (which preserve fpqc maps; this implies that if A — As is an fpqc
hypercover, then also 7>9A — T>0A. is an fpqc hypercover, which base changes to A — A.), we
can assume that A and all A; are connective. It suffices to see that the cofibre of A — lima_ _ A, is
a countably presented flat A-module in degree m — 1; indeed, their transition maps are then ghost
maps (as countably presented flat modules are sequential colimits of finite free modules, and maps
between finite free modules in different degrees are zero when the source is more coconnective) and
a composite of two ghost maps is zero (as ghost maps come from a lim!, and those would multiply
to a lim?, but that vanishes). These assertions can be checked after base change to mpA4, i.e. we
can reduce to the static case. But if A — A, is an fpqc hypercover of static rings, then

0—>A—Ag—> AL — ...

is exact, and in particular for each m the cone of A — lima_ A, agrees with the cokernel of
A1 — Ay, shifted appropriately. Moreover, the same holds true after any base change in A, in
particular along a quotient map A — A/I; this shows that this cokernel is flat over A.
Thus,

D(A) — limy\ D(A,)
is fully faithful. To prove essential surjectivity, we use a trick. First, it is enough to consider the
case of a Cech cover: Indeed, the descent becomes effective after base change along A — Ag as
then the hypercover is split, so it is enough to do Cech descent along A — Ay. We need to see that
the functor

colim,D(A,) — D(A)
is an isomorphism in Prf)( ) (as this colimit in presentable (0o, 1)-categories evalutes to the limit
along upper-!). After base change along — ®@p4) D(Ao), this holds as the cover is split. It follows
that it also holds true after tensoring with colim,D(A,). But by fully faithfulness of

D(A) — limy D(A,) = colim,D(A,),

we know that the map colim,D(A.) — D(A) is a localization, and in particular there is some
M € colim,D(A,) mapping to the unit. This yields a splitting D(A) — colim,D(A,), writing
D(A) as a retract of colim,D(A,) in Prg(A). Thus, the map colim,D(A,) — D(A) becomes an
isomorphism after tensoring over D(A) with the retract D(A) of colim,D(A,). But tensoring with
the unit does not do anything, so the map is an isomorphism.

Finally, we can prove that for n > 1 and any countably presented fpqc hypercover A — A,, the
functor

Pry — limAPry,

Is an equivalence, by induction on n. For any n > 1, the functor f;, : nPry — nPra, has an
nPrg-linear left adjoint f; 4. This formally implies that the functor

Fy :nPrg — limanPra,

has an nPra-linear left adjoint F, 4 given by a geometric realization of the left adjoints at the
individual levels; see for example [HY17, Corollary 1.3]. To prove fully faithfulness of F, it
suffices to see that the counit map F3F); — id is an isomorphism. By linearity of all functors, it
suffices to see this when evaluated at the unit. If n = 1, this is precisely the !-descent for D(A)



4. LECTURE IV: QUASICOHERENT SHEAVES OF HIGHER CATEGORIES, I 35

established above, noting that the colimit defining F14(1) is colim,D(A,) computed in presentable
(00, 1)-categories, which amounts to the limit along upper-!. If n > 2, then by Corollary
and Lemma below, the value F,, 4(1) is dualizable; thus, it suffices to see that the dual map
1 — Fj, «(1) is an isomorphism. But this is precisely the same assertion one categorical level lower,
that
E; ;:(n—1)Pry — lima(n — 1)Prg,

is an isomorphism.

This yields fully faithfulness of F);. For essential surjectivity, we can again reduce to a Cech cover
given by the map A — Ag. We need to see that the unit map id — F; F,, 4 is also an isomorphism.
But this holds after base change along A — Ag, and the pullback functor nPra, — nPra,g,4, is

conservative by the fully faithfulness already established.

LEMMA 4.10. Let f : A — B be a faithfully flat map of Exo-rings. Then f is an Ry-filtered
colimit of countably presented faithfully flat maps f; : A — B;.

PrOOF. First, if A is static, then so is B. This case is due to Waterhouse [Wat75], but
let us quickly recall the argument. By Lazard’s theorem, flat A-modules are the Ind-category of
finite projective A-modules, so we can write the underlying module of B as an N;-filtered colimit of
countably presented flat modules M;. The multiplication map B&B — B gives maps M;@M; — M;
for some j = j(i), and inductively choosing a sequence ig, 1, . .. so that M;,K & M;, — M;, ., is well-
defined, the colimit colim(M;, — M;, — ...) admits a multiplication, that will also be commutative
and associative and unital up to passing to a cofinal system. This writes B in the desired form.

In general, write f as the Ny-filtered colimit of all countably presented maps A-algebras B;
mapping to B. We want to see that the set of ¢ for which A — B; is faithfully flat is cofinal. We get
a similar presentation of mgA as the colimit of the mgB;, and by the static case, for any i there is
some j so that moB; — moB; factors over a faithfully flat moA-algebra. Taking a sequence %, 71, . . .
so that each map myB;, — moB;, — ... factors over a faithfully flat mgA-algebra, the colimit
Bj = colim(B;, — B;; — ...) is still countably presented, and has the property that mgA — 7y B;
is faithfully flat. Using a similar argument, we can arrange that moB; ®x,4 A — 7, B; is an
isomorphism for any given ¢, and hence all ¢ by a further countable colimit. O

LEMMA 4.11. Let V € CAlg(1Pr). Consider a countable diagram C : I — Mody(1Pr) such that
for all i € I, the V-linear category C(i) € Mody(1Pr) is dualizable, and for all maps i — j in I,
the functor C(i) — C(j) is a left adjoint in Mody(1Pr). Then colim;C € Mody (1Pr) is dualizable,
with dual colim;CY where CV : I — Mody (1Pr) is the functor obtained from C' by passing to right
adjoints to get a functor C°® — Mody(1Pr), and then dualizing.

PROOF. See [Ram24, Proposition 1.62], or the appendix to this lecture. We note that in the
proof above, we only really need that colim;C' is reflexive (i.e., it maps isomorphically to its bidual).
Its dual is given by limzerC"Y. But all transition functors here are right adjoints, so by Theorem
this agrees with colim;C" where the transition functors are the left adjoints. One can then apply
the same reasoning again, showing that the bidual is given by colim;C. It remains to check that
the induced map colim;C' — colim;C is the identity; this is best seen by writing down the pairing
between colim;C and colim;CV that induces these identifications. O
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Appendix to Lecture IV: Dualizable Categories

In this appendix, we collect various results on dualizable categories. These have recently been
used to great effect by Efimov [Efi25]. Ramzi’s paper [Ram24] is an excellent reference for these
results.

Let us start by recalling the “standard” setting of dualizable presentable stable (oo, 1)-categories.
We will then explain the modifications to pass from the stable (equivalently, D(S)-linear) case to
V-linear presentable (0o, 1)-categories for any V € CAlg(1Pr); and from the full Pr” to its fragment
1Pr = Prﬁl.

We start with the following important example.

PROPOSITION 4.12 (Lurie). Let C be a compactly generated presentable stable (0o, 1)-category.
Then C is dualizable in PrSLt, and the dual is given by

CY =TInd(C5"P),
with the pairing
CocC¥ — D(S)
uniquely determined by its effect on compact objects, which is (X,Y) — Homg(g)(Y, X).
PROOF. We need to see that for any other D € Prk | the natural functor
¢V ® D — Fun(C, D)

is an equivalence. But C = Ind(C¥), so Fun’(C, D) is given by Fun®™(C%, D). By the formula for
the Lurie tensor product, this is also

Ind(Cy"P) ® D. O
Being dualizable is a bit more general:

THEOREM 4.13 (Lurie, [Lurl8bl Proposition D.7.3.1]). Let C be a presentable stable (co,1)-
category. The following conditions are equivalent.

(i) The object C € Prk is dualizable.
(ii) Inside Prk, C is a retract of a compactly generated presentable stable (0o, 1)-category.
(iii) The (00, 1)-category C is Ny-presentable, and the functor
Ind(C™) = C
has a left adjoint.
(iv) The presentable (0o, 1)-category C is compactly assembled, cf. Definition below.

Let us recall the notion of being compactly assembled.

DEFINITION 4.14. Let C be a presentable (0o, 1)-category.

(i) A morphism f :Y — X in C is compact if for any filtered colimit Z = colim;Z;, there is
an oblique arrow making the following diagram commute:

colim;Hom(X, Z;) —— Hom(X, Z)

i / l
—
—~
—
2z

colim;Hom(Y, Z;) —— Hom(Y, Z)
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(ii) The presentable (oo, 1)-category is compactly assembled if it is generated under colimits
by sequential colimits of the form

COliHl(XQ — X1 — X2 — .. )
where all maps X,, — X,, 1 are compact.

Intuitively, a compact morphism is a morphism factoring over a compact object, but there may
not exist, in C, such a compact object. Still, sequential colimits X = colim(Xy — X7 — Xy — ...)
along compact maps are Nj-compact, and hence compactly assembled C are Ni-presentable. Indeed,
for any N;-filtered colimit Z = colim;Z;, one has

Hom(X, Z) = lim,Hom(X,,, Z) = lim,(colim;Hom(X,,, Z;))
= colim; (lim,, Hom(X,,, Z;)) = colim;Hom(X, Z;),

using in the second equality that the two pro-systems Hom(X,,, Z) and colim;Hom(X,,, Z) are pro-
isomorphic, by definition of compact maps, and in the third equality that countable limits commute
with Ny-filtered colimits.

EXAMPLE 4.15. Let C be the category (in fact, partially ordered set) of open subsets of R.
Then a map U C V in C is compact if and only if it is a strict inclusion U € V/, i.e. the closure of
U in V is compact, i.e. it factors over a compact subset of R. Then C is compactly assembled, as
any open subset U of R is a countable union of subsets U, C U along strict inclusions U,, € Upy1.

Passing to sheaves, it follows that also Shv(R, D(S)) is compactly assembled and hence dualiz-
able (but not compactly generated).

EXAMPLE 4.16. In condensed mathematics, there are various examples of such compactly assem-
bled C of functional-analytic nature, for example nuclear Z,-modules, for which compact morphisms
are precisely the compact morphisms known from functional analysis.

As preparation for the proof of Theorem [£.13] we note the following.

LEMMA 4.17. Let C be a k-presentable (oo, 1)-category. Then C is compactly assembled if and
only if the functor
Ind(C") = C
has a left adjoint.
Moreover, this property passes to retracts in Pr.

PROOF. In the forward direction, assume that C is compactly assembled. Then the functor
Ind(CN) = C

has a fully faithful left adjoint, taking a sequential colimit X = colim, X,, along compact transition
maps to “colim”,, X,,. Indeed, for any filtered colimit Z = colim;Z;, we have

Hom(X, Z) = lim,,Hom(X,, Z) = lim, (colim;Hom(X,, Z;)) = Hom(“colim”,, X,,, “colim”; Z;),

using in the second equality that (Hom(X,,Z)), and (colim;Hom(Xy, Z;)), are pro-isomorphic.
Via composition with the embedding Ind(C®t) — Ind(C"), this gives the left adjoint in general.
Conversely, assume that the left adjoint exists. Take any X € C, with left adjoint “colim”; X;.
Then for any ¢, the map X; — X is compact. Indeed, for any filtered colimit Z = colim;Z;, one
has
Hom(X, Z) = Hom(“colim”; X;, “colim” ; Z;)
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and hence a map to Hom(Xj, “colim”; Z;) = colim;jHom(X;, Z;), making the desired diagram
commute. This yields sufficiently many compact maps to ensure that C is compactly assembled.
In any 2-category with idempotent-complete morphism categories, a retract (inside the category
of arrows in the 2-category) of a morphism admitting a left adjoint also admits a left adjoint
(cf. [Ram24) Lemma 1.47]), showing stability of this condition under retracts. O

PRrROOF OF THEOREM [4.13l As dualizability is stable under retracts, Proposition shows
that (ii) implies (i). It is also clear that (iii) implies (ii) (as the left adjoint is necessarily fully
faithful, as its right adjoint is the Yoneda embedding, which is fully faithful). Moreover, (iv)
implies (iii). Indeed, compactly assembled implies Ri-presentable, and to show that the left adjoint
to Ind(C*') — C exists, it suffices to construct it on the generators X = colim(Xy — X1 — ...)
(with compact transition maps). We can assume that all X; are Rj-compact, as any compact map
factors over an Nj-compact object in an Nj-compactly generated (0o, 1)-category. Then we claim
that the left adjoint sends X to the formal colimit “colim”(Xy — X1 — ...) € Ind(C*!). Indeed,
for any filtered colimit Z = colim;Z;, we have

Hom(X, Z) = lim,Hom(X,,, Z) = lim,,(colim;Hom(X,, Z;)) = Hom(“colim”,, X,,, “colim”; Z;),

using in the second equality that (Hom(X,, %)), and (colim;Hom(X,, Z;)), are pro-isomorphic.
It remains to see that (i) implies (iv); the proof of this will loosely reverse the logic of the other
steps. Assume that C is dualizable, and assume it is k-presentable for some x. We get the functor

D =Ind(C*) — C

which is colimit-preserving and has a fully faithful right adjoint. The functor D — C is a localization
in PrSLt. As localizations are preserved under tensor products, it follows that sois D®CY — C®CY
where CV is the dual of C. But by dualizability of C, this agrees with

Fun®(C, D) — Fun’(C,C).
In particular, the identity functor C — C lifts to a colimit-preserving functor C — D, thus making

C a retract of the compactly generated D. The rest follows from Lemma [4.1 O

Let us now first note the modifications required to deal with dualizable objects of Prg, for any
k. More precisely, we have the following.

DEFINITION 4.18. Let (Prft)dual be the non-full subcategory consisting of dualizable presentable
stable (oo, 1)-categories, and colimit-preserving functors whose right adjoint is still colimit-preserving.

THEOREM 4.19 (Efimov, Ramzi). The (oo, 1)-category (Prk)3 admits all small colimits (and
they commute with the forgetful functor to PrSLt), and is Ny -presentable. For any uncountable regular
cardinal K, the following conditions on C € (Prk)d! are equivalent:

(i) It is a k-compact object in (Prk)dual,
(ii) It is a k-compact object in Pr’,;jst.

(iii) It is dualizable in Prﬁyst.

In particular, all dualizable presentable stable (0o, 1)-categories C are objects of Pr{ihst, and they
are dualizable in there if and only if they are Ri-compact as objects of (PrSLt)dual. Thus,

(Prg) ™™ = Indy, (Pry, o) ™.
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In particular, we see that dualizability in Pr{ihst also includes a weak finiteness condition
(namely countable presentation).

PROOF. Any dualizable C is the retract C — Ind(C™) — C, and the formation of this retract is
functorial on (Pr%)d@!. (To check functoriality of C — Ind(C®"), it suffices to do so after composing
with the embedding Ind(C*) for any . Then it follows as the diagram of right adjoints commutes,
choosing « large enough so that the colimit-preserving right adjoint functor also preserves k-compact
objects.) This already shows that (Prl )l admits all small colimits (and they are computed in
Prl), as compactly generated (oo, 1)-categories are stable under small colimits along functors that
preserve compact objects.

In fact, this argument writes (Prk)dul as a full subcategory of the (oo, 1)-category £ of small
stable (0o, 1)-categories D admitting all countable colimits, equipped with an idempotent endo-
functor of Indy, (D) that preserves countable colimits (by sending C to D = C™ and the restricted
left adjoint C* — Indy, (C™), extended to Indy, (C¥1)). The full subcategory is singled out by
the condition that the natural map from D to the retract of Indy, (D) (defined by the idempotent
endofunctor) is an equivalence.

Roughly arguing as in Lecture II (cf. also [Ram24, Proposition 3.10]), one sees that £ is V-
presentable, with Ni-compact objects being those where D is countably presented. Asking that the
map from D towards this retract is an equivalence amounts to a fibre product of Ni-presentable
(00, 1)-categories and hence is R;-presentable; again the Rj-compact objects are those for which C™
is countably presented as a small stable (0o, 1)-category. This is equivalent to C being Nj-compact
as an object of Pr{ghst. In this case, C is dualizable in Prﬁhst, as for Nj-compact D, the internal

Hom from D in Prﬁ , agrees with the internal Hom from D in Pr”, cf. Proposition

Conversely, if C is dualizable in Prﬁ1 st» then it must be Ry-compact, as the unit of PrﬁhSt is
Ni-compact. For general x, the arguments are the same.

Now we want to generalize everything to V-linear presentable (0o, 1)-categories, for any V €
L\ [
CAlg(Per)
We work with Prﬁ = Mody(PrF) at first, and later discuss the modifications required for
Prﬁhv = ModV(Prgl). A very important notion in the V-linear case becomes that of admitting a
(right) adjoint internally in Prf,: This is equivalent to the right adjoint preserving small colimits,

and tensor products with objects of V. Applied to maps out of an object, this yields the notion of
V-atomic objects.

DEFINITION 4.20. Let C € Pr§. An object X € C is V-atomic if HomY (X, —) : C — V preserves
small colimits, and tensor products with V.

Here and in the following, we use Hom" to denote the V-internal Hom.
We note that as 1 € V is Nj-compact, all V-atomic objects are in particular Nj-compact, and
hence there is at most a set worth of isomorphism classes of V-atomic objects.

DEFINITION 4.21. Let C € Pr]L/. Then C is V-atomically generated if it is generated under small
colimits and tensor products by V from its V-atomic objects.

12with little change, everything works for V € CAlg(PrL) for any uncountable regular x; this generality is
considered in the work of Ramzi [Ram24].
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By the above remark, any V-atomically generated C is in particular N;-compactly generated.

By work of, among others, Lurie [Lurl7], Gepner-Haugseng [GH15|, Heine [Hei23] and Hinich
[Hin23], there is also a notion of V-enriched (oo, 1)-category. For any C — Pr{j and any anima
S mapping to C, one can endow S with the structure of a V-enriched (oo, 1)-category (using the
V-internal Hom’s HomY (—, —) restricted to S). Conversely, if S is a V-enriched (oo, 1)-category,
one can build the free V-linear presentable (0o, 1)-category generated by S,

Py(S) = Funy(S°P, V).
By universality, there is a natural comparison functor
Py(S) = C

when executing these two constructions after another. If S consists of V-atomic objects, this functor
is fully faithful, and it is an equivalence when S generates C under colimits and tensoring by objects
of V. Thus, any V-atomically generated C can be written as an enriched presheaf category.

By Reutter-Zetto [RZ25], one can in fact define the notion of enriched (oo, 1)-category this
way, as consisting of C € Pr]L, equipped with an anima S of V-atomic objects that generates C under
small colimits and tensoring by VH Taking this as the definition of enriched (oo, 1)-category, we
can justify the above as follows:

THEOREM 4.22. Let C € Pr]L, and S be any anima mapping to C. There is a final Cg € Pr]L,
equipped with a functor F': Cg — C and a lift i : S — Cg such that the image of i : S — Cg is a
collection of V-atomic generators of Cs. Moreover, for all X,Y € S the natural map

Homy (i(X),i(Y)) — Homy (F(i(X)), F(i(Y)))

18 an isomorphism in V.
If S consists of V-atomic objects, the comparison functor F : Cs — C is fully faithful.

Thus (Cg, S) is a V-enriched (oo, 1)-category in the sense above, and we denote Py (S) := Cg.

SKETCH. We can assume that S is a set (by taking any set surjecting onto the given anima,
and using that F' is fully faithful on S to extend the map back to the anima). We can reduce to
the case that S is finite, by noting that filtered colimits of atomically generated categories, along
fully faithful functors preserving atoms, are still atomically generated and contain the original
categories fully faithfully. If S has just one element, giving an object X € C, then we get the
algebra A = End) (X) € Alg(V), and Cg is Mod_4(V), which is atomically generated by the marked
object. For general finite sets S, the argument is similar, except that one has to make sense of
“V-algebras on many objects”.

Another approach is to note that Fun(S°P,V) = Fun(S°P, Ani) ®ap; V is the free V-linear
presentable (0o, 1)-category on S, and hence i extends to a map ¢ : Fun(S°P, V) — Cg still denoted i.
Then the image of S consists of V-atomic objects if and only if the right adjoint 7% is still V-linear, in
which case the datum of S — Cg is equivalent (by Barr-Beck) to an algebra in Endy (Fun(S°P,V)) =
Fun(S x S°P, V), which then comes equipped with a natural “convolution/composition” monoidal
structure. (In fact, this notion is precisely that of a “V-algebra on many objects”, or a V-enriched
(00, 1)-category.) On the other hand, the given F' : S — C also induces F' : Fun(S°P, V) — C and has

L There are two slightly different notions of enriched (oo, 1)-categories, depending on whether one asks that S
injects into the anima of V-atomic objects (this is called “univalence”), or is any map. We will allow any map, i.e. not
enforce univalence.
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a lax V-linear right adjoint G. Then the composite GF still induces an algebra in Fun(S x S°P, V)
(as the best V-linear approximation), which translates to the desired data. O

THEOREM 4.23 (Ramzi, [Ram24, Theorem 1.49, Theorem 3.4]). Let C € Prls. The following
conditions are equivalent.

(i) The V-linear presentable (0o, 1)-category C is dualizable.
(ii) The V-linear presentable (0o, 1)-category C is a retract, in Pr]L/, of a V-atomically generated

D.
(iii) The presentable (00, 1)-category C is Nyi-compactly generated, and the functor

Py(C™) = C
admits a V-linear left adjoint.

Unfortunately, there is no general analogue of the condition of being “compactly assembled” in
this case. (One can still define such a notion, and it implies being dualizable, but the converse is
likely not true.)

PROOF. First, one shows that atomic generation implies dualizability. This is due to Berman
[Ber20]; a clean argument in the presentable language is [Ram24, Propositions 1.40, 1.41]. With
this, (iii) implies (ii) implies (i) is clear. For the converse, one first shows that (i) implies (ii). In
fact, this follows from the same argument as before, that the localization Py (C*) — C is preserved
under tensoring with C¥, and taking a preimage of the identity ide € Fun(C,C) = C ®y CY. In
the atomically generated case, it is clear that (iii) holds. Now we claim that any retract (in Pr’)
of an Ny-presentable (0o, 1)-category is still Xj-presentable. This is analogous to Lemma One
shows a priori Ni-compactly assembled, but now a sequential colimit of Rj-compact maps yields an
N;-compact object, so Nij-compactly assembled implies Nj-compactly generated. See also [Ram24]
Section 2.3]. Once we know Rj-compact generation, the existence of the left adjoint in (iii) is stable
under retracts (cf. [Ram24), Lemma 1.47]), so dualizability implies (iii) in general. O

As before, one can the define (P]r{j)dua1 as the nonfull subcategory of Pr%; whose objects are
dualizable V-linear presentable (oo, 1)-categories, and morphisms are those functors that admit
right adjoints in Pr{j. On this (oo, 1)-category, the formation of the left adjoint

C — Py(C™)

is functorial (it suffices to see this after composing to Py (C*) for any k, and then it follows by
looking at the corresponding right adjoints, taking x large enough so that the right adjoint to
C — D preserves k-compact objects).

THEOREM 4.24 (Ramzi, [Ram24, Theorem 3.7]). [“| The (0o, 1)-category (Pr)d@! admits all
small colimits (and they commute with the forgetful functor to Pr{}), and is Nq-presentable. For
any uncountable reqular cardinal k, the following conditions on C € (Pr\L))d“a1 are equivalent:

(i) It is a k-compact object in (Pry)dual,
(ii) It is a k-compact object in Priv.
(iii) It is dualizable in Prﬁvv.

147 believe the characterization of the k-compact objects in (Pr5)4"?! as being those that are dualizable in Prﬁyv
is not stated explicitly in [Ram24]; this addendum basically comes from PrL being k-presentable.
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In particular, all dualizable presentable V-linear (oo, 1)-categories C are objects of Prﬁhv, and
they are dualizable in there if and only if they are Ni-compact as objects of (Pr\L,)dual. Thus,

(Pr) ! = Indy, (Prk, )

PRrROOF. The proof is very similar to the stable case. As observed above, any dualizable C is the
retract C — Py(C™) — C, and the formation of this retract is functorial on (Pr&)du!. This already
shows that (Pry;)due! admits all small colimits (and they are computed in Prl), as atomatically
generated V-linear (oo, 1)-categories are stable under small colimits along functors that preserve
atomic objects.

In fact, this argument writes (Pr)dual as a full subcategory of the (0o, 1)-category € of small
(00, 1)-categories D € Modyx, (Rexy, ), equipped with an idempotent endofunctor of Py (D)™ in
Mod,x, (Rexy, ) (by sending C to D = C®! and the restricted left adjoint CX1 — Py, (C¥1)M1 | extended
to Py(CN1)M). The full subcategory is singled out by the condition that the natural map from D
to the retract of Py (D)™ (defined by the idempotent endofunctor) is an equivalence.

From this description, one sees that £ is Nj-presentable, with N;-compact objects being those
where D is countably presented. Asking that the map from D towards this retract is an equivalence
amounts to a fibre product of Xj-presentable (oo, 1)-categories and hence is X;-presentable; again the
N;-compact objects are those for which CN! is countably presented as an object of Modx, (Rexy, ).
This is equivalent to C being Ni-compact as an object of Prﬁhv. In this case, C is dualizable in
Prk ,,v» as the internal Hom from C is the same in Prk ,,v and all of PrL, cf. Proposition (which
also holds in the V-linear case).

Conversely, if C is dualizable in Prﬁhv, then it must be Ni-compact, as the unit of Prﬁhv is
Ni-compact. For general x, the arguments are the same.
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5. Lecture V: Quasicoherent Sheaves of Higher Categories, 11

In this lecture, we extend the previous discussion from affine schemes to stacks.
Let C as before the opposite of CAlg(D(S)), thought of as affine derived schemes; and let
C = Shvgpqe(C) be the co-topos of fpgc sheaves on C']'°| By Theorem , we get for any n > 0 a
unique sheaf
C° — CAlg((n + 1)Pr) = CAlg(1Pr),p,/ : X — nPrx.
For n = 0, this is just the usual derived oco-category of quasicoherent sheaves on X, at least when
X is a countable colimit of aﬂinesm For any stack X, we thus get a Stefanich ring

(O(X), D(X), Pry, 2Prx,...).

For free, this comes with pullback and tensor functoriality; and by presentability, these admit right
adjoints (on the level of underlying (oo, 1)-categories). For f:Y — X, we denote by

* .
fn inPrx — nPry

the symmetric monoidal pullback, and by — ®,p;, — the tensor product inside nPryx. Applying
the right adjoint fy,41 . to the unit, we can consider nPry as an object of (n + 1)Prx, and we will
often use this abuse of notation. (In the next lecture, we will analyze this more systematically for
arbitrary Stefanich rings.)

We would like to extend this to a 6-functor formalism by defining lower-!-functors in some
generality, ideally as suitable adjoints of pullback. Usually, this is done for X — D(X); in this
lecture, we will look at X +— nPrx for n > 1. It turns out that at this higher level, we can allow
virtually all maps to be !-able; more precisely, we take the following class of maps:

DEFINITION 5.1. Let f: Y — X be a map of fpqc stacks. Then f is bi-countably presented if
for any affine Spec(A) — X, the fibre product ¥ x x Spec(A) is a countable colimit of Spec(B;) for
countable presented A-algebras B;. Let E be the class of bi-countably presented maps.

It is easy to see that E satisfies the usual conditions (stable under composition, pullback,
diagonals). We will often use the following general fact. Let C' be any small (0o, 1)-category with
all finite limits. Then the countably presented objects of PShv(C) = Fun(C°P, Ani) are stable
under finite limits, cf. the proof of Proposition

THEOREM 5.2. Consider any map f:Y — X in E andn > 1.

(i) The functor
fr:nPrx — nPry
has a left adjoint fns in (n + 1)Prx; in particular, fn.y commutes with all small colimits,
with tensoring, and base change.
(ii) Forn > 2, the object fns(1) € nPrx is dualizable.
(ili) For n > 2, the left adjoint fny is also the right adjoint fn. of fr, and hence fni also
commutes with small colimits, tensoring, and base change.

Thus, for n > 1 “all maps are étale”, while for n > 2 “all maps are proper”.

15We should restrict to k-compact objects in C”™ for some k, or work with small sheaves. In fact, we will usually
restrict to sheaves that are countable colimits of affines, which are automatically small.

161y, general, there is a difference between taking the limit in 1Pr = Pr§1 or Prl, where usually one does the
latter.
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PrROOF. We first assume that X = Spec(A) is affine, and prove (i) and (ii). By assumption
Y = colim;ec;Spec(B;) is a countable colimit of affine Y; = Spec(B;) where each B; is a countably
presented A-algebra. We consider the functor

* .
fn i nPrx = nPry — nPry = lim;cropnPrp;.

Asn > 1 and all maps are countably presented, we know from the previous lecture that all occuring
pullback functors admit linear left adjoints. In particular, the limit defining nPry is along right
adjoint functors, and hence agrees with the colimit along the left adjoint functors,

nPry = colim;es ynPrp;.

(We use countability of I here to ensure that this happens in our Xj-presentable setting already.)
In this colimit description, we get an evident map

. fTL
nPry = colim;¢s ynPrp, RALN nPry

(a map in (n 4+ 1)Prg = Mod,p;,(1Pr)), as the colimit of the lower-sharp maps nPrp, — nPra,
which gives the desired left adjoint (cf. again [HHY17, Corollary 1.3]). As it is a map in (n+1)Pr4,
it must commute with all small colimits and tensoring; but as any functor of 2-categories preserves
adjoints, it must also commute with base change. Note that the formation of nPry € (n+ 1)Pry
also commutes with base change, by the above formula as a colimit. For (ii), we note that evaluating
fng(1), and using that in the affine case fn3 = fy, We get
fnﬁ(l) = Colimiej’*(n — 1)PI‘BZ.

where the colimit is along the lower-*-functors (as these gave rise, by ambidexterity, to the identi-
fication between gn4 = gn« in the affine case). But for n > 2 (thus n — 1 > 1), the lower-*-functors
gn—1, are also left adjoints, so this is a countable colimit of dualizable objects along left adjoint
functors, and hence itself dualizable by Lemma

Now for general X, we get these left adjoints locally in (n + 1)Prx = limgpec(a)—x (7 + 1)Pra,
commuting with base change. This is a limit in 1Pr = Prkﬁ1 = Rexy,, so at the level of (oo, 1)-
categories, we have

(n+ 1)Pr§(1 = limgpec(4)—x (7 + 1)Pril.

But all objects considered above are Rj-compact. In particular, the object nPry € (n + 1)Pr§(1
commutes with base change, as it does so in the affine case, and then also the left adjoint descends
from the affine case. Part (ii) can be checked after pullback to affines.

Finally, for (iii), we use ambidexterity again. It suffices to see that the unit and counit of the
adjunction between f,; and f; admit right adjoints. For the counit, this means that the functor
fng fry — id admits a right adjoint; by linearity, this is equivalent to fp;(1) — 1 admitting a right
adjoint. But by (ii), this is equivalent to the dual map 1 — f,.(1) admitting a left adjoint, and
this is true for n > 2 (as this is the map (n — 1)Prx — (n — 1)Pry in nPry). The case of the unit
follows similarly by arguing using the diagonal, as in the last lecture. O

COROLLARY 5.3. Let f:Y — X, f':Y' — X be bi-countably presented maps. For n > 2, the
objects
(n —1)Pry, (n — 1)Pry, € nPrx
are dualizable, and the Kiinneth formula

(n — 1)Pry ®ppry (n —1)Prys 2 (n — 1)Pry« v/
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holds true (where the functor is the exterior tensor product).

In particular, we can determine what sheaves of presentable (n — 1)-categories are on a fibre
product in terms of what they are on the factors, and what sheaves of presentable n-categories
are on the base. We regard this as the first genuinely surprising statement about quasicoherent
sheaves of higher categories: Both parts of this corollary are false at lower levels. Namely, it
is absurd that in general O(Y) € D(X) should be dualizable (i.e., a perfect complex), or that
OY) ®@px) O(Y') = O(Y xx Y') without strong assumptions on Y and Y’. One level up, it
is already the case that often D(Y) € 1Pry is dualizable and the Kiinneth formula holds true
(cf. e.g. [Gail5]) but again this needs some assumption that “Y is a geometric stack” (over X)
in some sense. Going up one more level, these results are (essentially) always true. However, we
cannot stay on any fixed categorical level, say 1Pr, as the Kiinneth formula always needs the next
categorical level on X.

Proor. This is direct consequence of the theorem and general properties of six-functor for-
malisms. 0

In fact, to end on a slightly technical note, one can slightly generalize the condition “bi-countably
presented” for some of these assertions.

COROLLARY 5.4. Let f: Y — X be a map of Ri-compact objects of Shvgqc(C) (i.e., both X
and Y are countable colimits of affine schemes).
For n > 2, the right adjoint
fnx : nPry = nPryx
of 1 commutes with small colimits, tensor products, and pullback. In particular, for f':Y' — X
satisfying the same hypotheses, the Kiinneth formula

(n — 1)PI‘y nPryx (n — 1)P1‘y/ = (n — 1)PrY><XY’
holds true.

If X is affine, this means that the right adjoint fy. is a map in Mod,p;, (Pr%), but not in
general in Mod,py , (Prﬁl)7 i.e. it only fails to preserve Ni-compact objects.

PROOF. By descent, we can assume that X is affine. (Note that as X is a countable colimit of
affines X; = Spec(4;), one has
nPrx = limmPry,

not only in 1Pr = Prﬁl, but also in Prl and thus in (oo, 1)-categories.) Now Sthqu(C’/X)Nl is

Proy, of Sthqu(C;Q)l()Nl, so f is an Nj-cofiltered limit of bi-countably presented f; : Y; — X.

Then nPry is the Rj-filtered colimit of the nPry, along pullback (as N;-filtered colimits commute
with the countable colimit defining nPry, and nPry via descent, as we work in the Nj-compactly
generated (00, 1)-category 1Pr). The right adjoint f,. is then correspondingly expressed through an
N-filtered colimit of the right adjoints f;n. of f, : nPrx — nPry,. The properties of commuting
with small colimits, tensor products, and pullbacks, are all stable under (Ni-filtered) colimits, so
follow for fi«. O

COROLLARY 5.5. The functor

Shvipe(C)™ — StRingg) : X = (O(X), D(X), 1Prx, 2Prx;,...)



46 GEOMETRY AND HIGHER CATEGORY THEORY

commutes with countable colimits and finite limits.

In other words, if the target were an co-topos, this functor would have all the properties of a
morphism of co-topoi (except that we restrict to countable colimits instead of all small colimits).

PRrOOF. The commutation with countable colimits holds by definition. To prove that it com-
mutes with finite limits, we reduce to the initial object (which is true by definition, working with
StRingg,) and pullbacks. Thus, let Y — X « Y’ be a pullback diagram of (Nj-compact) fpqc
stacks. A priori, the tensor product of Stefanich rings amounts to

(OY) ®o(x) O(Y’), D(Y) X D(x) D(Y’), 1Pry ®ipry 1Prys,...).

This comes with natural maps from one term to endomorphisms of the unit of the next, but these
are not yet isomorphisms; we need to “spectrify”. As we will explain in the next lecture, a better
approximation to the spectrification is

(O(Y) ®D(X) O(Y’), D(Y) ®1P1’X D(Y/), 1PI’Y ®2Prx IPI'y/, . )

(In other words, in say the zeroth spot, we are forming tensor products not over O(X), i.e. in O(X)-
modules, but instead in D(X), noting that this is finer as there is a functor Modp(x)(D(S)) —
D(X).) By Corollary starting from 1Pry ®9py, 1Pry, this agrees with

(O(Y Xx Y/), D(Y Xx Y/), 1PrY><XY’7 .. )

and the latter is already a Stefanich ring. As the first few terms do not matter in a Stefanich ring,
this gives the desired result. ]

REMARK 5.6. A general slogan in this area is that “everything becomes affine under sufficient
categorification”. The results above, that Kiinneth formulas always hold from the level of 1Pr
onwards, justify this in some form. However, the slogan is also a bit imprecise: As discussed in
the first lecture, stacks like B"G,, are n-affine (in a sense made precise in the next lecture) but
not k-affine for k& < n; so in particular | | B"G,, is not n-affine for any n. In fact, we will later
see that even the infinite-dimensional affine space | J,,~, A" is not n-affine for any n, although all
terms are O-affine, and the transition maps are cohomologically smooth (as complete intersections
are cohomologically smooth in the quasicoherent six-functor formalism). In the next lecture, we
will introduce general properties of maps of Stefanich rings, and isolate the conditions that are, in
fact, virtually always satisfied.
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6. Lecture VI: Stefanich Rings

In this lecture, we start to investigate the presentable (oo, 1)-category StRing. Starting from
this lecture, all results are joint work with Stefanich.
Let us recall the definition:

DEFINITION 6.1. The RXj-presentable (0o, 1)-category StRing is
StRing = colim;p, (CAlg(Ani) — CAlg(1Pr) — CAlg(2Pr) — ...)
= limcar,, (CAlg(Ani) < CAlg(1Pr) - CAlg(2Pr) «...).

We write A = (Ao, A1, Aa,...) € StRing where A,, € CAlg(nPr). Thus, for the Stefanich ring
associated to an fpqc stack X, we have A,, = (n — 1)Prx for n > 1@

The unit object in StRing is (%, Ani, 1Pr,2Pr,...). In particular, any Stefanich ring A is
equipped with compatible symmetric monoidal maps (n — 1)Pr — A,. For n > 1, these can
also be seen as coming from

A, € CAIg(nPr) = CA]g(Mod(n_l)pr(lPr)) = CAlg(lPr)(n_l)pr/.

A map f: A — B of Stefanich rings is a compatible collection of maps A,, — B,, in CAlg(nPr)
for all n > 1. In order to keep consistent notation with the previous lecture, we denote these
functors as

fo_1:An — By,
Beware the index shift, which matches A, = (n — 1)Pry. Also beware that despite notation, on
the level of rings f;_; is covariant

As fr_,, for n > 1, is a colimit-preserving functor of presentable (oo, 1)-categories, it admits a
right adjoint

fn—l,* : By — Ag.
A priori, f,—1+ has no good properties — it is not colimit-preserving or linear. Still, as a right
adjoint of a symmetric monoidal functor, it is automatically lax symmetric monoidal, and hence
induces a functor
frn—1: CAlg(B,) — CAlg(A,)

on the level of algebras. In particular, the unit 15, € CAlg(B,) gives a commutative algebra
(B/A),—1 € CAlg(A,). Under the forgetful functor CAlg(A4,) — CAlg((n — 1)Pr) (right adjoint
to the symmetric monoidal functor (n — 1)Pr — A,,), this maps to B,—; € CAlg((n — 1)Pr). In
other words, if B € StRing 4/, then for any n > 0 the object B,, € CAlg(nPr) refines to an object
(BJ/A)y € CAlg(Apn+1). More precisely, we have the following translation between an internal and
an external perspective on A-algebras in Stefanich rings:

PROPOSITION 6.2. Let A be a Stefanich ring. For any n > 1, there is a fully faithful functor
CAlg(A;,) — StRingy,

TThe term Ap is only remembered as a (multiplicative) commutative monoid in anima here. As we will see
below, when working over some base algebra, e.g. S, it can be canonically refined, e.g. to CAlg(D(S)), in particular
remembering additive structure.

18 Another justification for the index is that if C is an (co,n + 1)-category, then objects of C' are roughly
(00, n)-categories, morphisms between objects of C' are roughly (co, n — 1)-categories, etc., so our indices refer to the
categorical level of the object.
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left adjoint to the functor B — (B/A),—1 constructed above. This induces an equivalence
StRing 4, = colimjp, (CAlg(41) — CAlg(A2) < ...)
= thAToo (CAlg(Al) — CAlg(AQ) — .. ) s

taking B € StRingy, to ((B/A)o, (B/A),...).
Proor. Tautologically,
StRing,, = limgar,, (CAlg(Ani) ., < CAlg(1Pr)s,/ + ...).
But for n > 1,
CAlg(nPr) 4, = CAlg(Mod;,—1)p:(1Pr)) 4, = CAlg(1Pr) 4, , = CAlg(Moda, (1P1)),

where in the middle, we switch from considering the under-category under A, from A,, € CAlg(nPr) =
CAlg(1Pr)(;—1)pr/ to An € CAlg(1Pr). Under this equivalence, the transition functors are given
by the composite

CAlg(Moda,, ., (1Pr)) — CAlg(A,+1) — CAlg(Mody, (1Pr)),

n+1(

where the first is the general adjunction between CAlg(V) and CAlg(Mody(1Pr)), and the second
is the adjunction between Mod 4, (1Pr) and A,; coming from the structure of A as a Stefanich
ring. In particular, the above limit is equivalent to the limit

StRing 4, & limcar,, (CAlg(A1) < CAlg(As) < ...);

it is clear from the construction that this takes, at each level, B to (B/A),—1 € CAlg(4,). Al
transition functors here admit left adjoints, which are given by the composite

CAlg(A,) — CAlg(Mody,, (1Pr)) — CAlg(An+1).

It remains to see that these composite functors CAlg(A,) — CAlg(A,+1) are fully faithful. As
everything in sight is happening in 1Pr = Prﬁl, it suffices to check this on X;-compact objects. Given
any countably presented R € CAlg(A,), we get Modgr(A4,) € CAlg(Moda, (1Pr)). The pullback
functor Fr : A, — Modg(A,) admits an A,-linear right adjoint G : Modgr(A,) — A, (the
forgetful functor). As R is countably presented, this also preserves X;j-compact objects and hence
Gr is a right adjoint of Fr in Mod 4, (1Pr). As f : Mody4, (1Pr) — A, 11 is a functor of 2-categories,
it follows that f(GR) is the right adjoint of f(Fr). The right adjoint to CAlg(A,) — CAlg(A4,+1)
takes f(Modg(Ay)) to the endomorphisms of the unit, as an object of CAlg(A,,). But this is given
by the image of the unit in A, under f(GRr)o f(Fr) = f(Gro Fr) = f(R® —). But f induces
an equivalence A, = Endy, ., (1), so this takes the unit in A, to R € A, = Endy,,(1). Thus,
the unit of the adjunction between CAlg(A4,,) and CAlg(A,+1) is an equivalence on N;-compact
objects, finishing the proof of fully faithfulness. 0

In the proof, we showed that the composite functor
CAlg(A,) — CAlg(Mody, (1Pr)) — CAlg(Ap+1)

is fully faithful. The first functor is also fully faithful. However, the second functor is usually not
fully faithful. Still, it is fully faithful on dualizable objects:



6. LECTURE VI: STEFANICH RINGS 49

LEMMA 6.3. For any Stefanich ring A and n > 0, the functor
Mody, (1Pr) — A,qq

is fully faithful on dualizable objects. In fact, it is even fully faithful on Ni-filtered colimits of
dualizable objects.

PROOF. Let F' : Mody, (1Pr) — A,41 denote the given functor, with right adjoint G. As
F preserves Nj-compact objects, G preserves Nj-filtered colimits. It is then enough to check fully
faithfulness on dualizable objects. But if F' : C — D is any symmetric monoidal functor of symmetric
monoidal categories, then fully faithfulness on dualizable objects follows from 1 — G(1) being an
isomorphism. Indeed, given X,Y € C dualizable, one has

Homp(F(X),F(Y)) =Homp(F(X ® Y"),1) = Homc(X @ Y*,G(1)).

If G(1) = 1, this is Hom¢(X,Y). But in our situation 1 — G(1) is an isomorphism by assumption.
U

6.1. Shifting. We note that for any Stefanich ring A = (A4, Ag,...) (starting from A; €
CAlg(1Pr) for this discussion), also the shift (Ag, As,...) is a Stefanich ring. Indeed, recall that
for n > 1 there are forgetful functors

CAlg((n + 1)Pr) — CAlg(nPr).
Taking into account the effect on the unit, shifting is an equivalence:
PROPOSITION 6.4. The shifting functor (A, Aa,...) — (Ag, As,...) induces an equivalence
StRing = StRing(;p; opr,...)/-
In particular, shifting n times, for any n > 0, induces an equivalence
StRing = StRing,pr (n+1)Pr,...)/-
Proor. This follows from
CAlg((n + 1)Pr) = CAlg(nPr),p,,.

More precisely, CAlg((n + 1)Pr) = CAlg(Mod,p(1Pr)) = CAlg(1Pr),p,/. But we also have
CAlg(nPr) = CAlg(1Pr)(;,—1)pr/, and considering nPr as an object in there, one has

CAlg(nPr)nPr/ = (CAlg(lpr)(n—l)Pr/)nPr/ = CAlg(lpr)nPr/ = CAlg((n + 1)P1") u

If we would have worked stably, i.e. with StRingg, (where S denotes (D(S),1Pry,...)), then
this shifting operation would not exist.

We do not currently have a good intuitive or “geometric” understanding of this shifting opera-
tion. In fact, its very existence is linked to our precise choice of foundations; it is not a priori clear
that a functor 2Pr — 1Pr should exist. This functor is also not compatible with changing x (which
we fixed to be N1). However, at a technical level, the shifting operation allows us to assume without
loss of generality that n = 0 in many of the following discussions on properties of morphisms.
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6.2. Tensor products of Stefanich rings. Limits of Stefanich rings are easy to compute, as
they are just limits at each level. Colimits, however, are more subtle to compute. The reason is that
if one performs the colimit at each level, the resulting object will be a sequence of D,, € CAlg(nPr)
equipped with maps

D,, = Endp,,, (1),

but these usually fail to be isomorphisms. One has to universally enforce that these are equiv-
alences, i.e. “spectrify” (thinking of Stefanich rings as analogous to infinite loop spaces Xy =
OX; =2 O%X,. .., also known as spectra). By the adjoint functor theorem, this can always be done.

Concretely, one replaces such a sequence (D,,),>0 by a new sequence
D) = Endp, ., (1),

with a map D,, — D/, and then repeats, using transfinite induction (and using filtered colimits at
limit stages). As D +— Endp(1) commutes with X;-filtered colimits, after X; many steps one will
be done.

Fortunately, in practice there will be more concrete ways of computing the tensor products. We
will particularly be interested in pushouts, i.e. tensor products. Thus, consider a pushout diagram

BLas C of Stefanich rings. The above recipe is to form
(Bo ®4, Co, B1 ®4, C1, B2 ®4, Co,...)

and then spectrify. Under the equivalence of Proposition [6.2] we can instead form the tensor
product in StRing 4/, which leads us to form

((B/A)o @4, (C/A)o, (B/A)1 ®a, (C/A)1, (B/A)2 @4, (C/A)2;...),

and then spectrifym In the previous lecture, we have in fact already used this alternative perspec-
tive in the proof of Corollary[5.5] There, it turned out that the spectrification is almost unnecessary:
It changes only the first two terms.

In a yet more refined way, we can also think of B ®4 C' as the image of B € StRing,, under

StRing 4, g, StRingc,. This leads us to form

(90(B/A)o, 91(B/A)1, 92(B/A)2; - .),

and then spectrifym We will repeatedly use this perspective on base change in the following; in
particular, we will isolate general classes of maps for which the resulting spectrification is almost
unnecessary in the sense that it changes only finitely many terms.

6.3. Affine maps. Proposition [6.2] suggests the following definition.

DEFINITION 6.5. Let A € StRing and n > 0. An A-algebra B € StRing,, is n-affine if it lies
in the essential image of

T here is some inconsistency in the subscript of a tensor: In the last display it denotes the category in which
one forms the tensor product. The previous display should then probably be more verbosely written as (Bo ®mod(ag)
Co,...).
20At least in contexts like this one, the indexing of g;; seems reasonable.
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Equivalently, for all m > n, the functor
Mody,, ., (1Pr) = Apqo

takes Mod(p/a),, (Am+1) to (B/A)m+1, so B is determined by (B/A), € CAlg(Any1) by iter-
atively passing to module categories (in the A-internal sense). Note also that by Lemma
the functor Mody,,,, (1Pr) — A,,42 is fully faithful on (XN;-filtered colimits of) dualizables, and
Mod g/ a),, (Am+1) € Mody,,,,(1Pr) is (an Rj-filtered colimit of) dualizable(s). Indeed, if R €
CAlg(A;,+1) is countable presented, then Modg(A;,+1) is dualizable.

PROPOSITION 6.6. Let A € StRing and n > 0. The class of n-affine B € StRing,, is stable
under all small colimits. Moreover:

(i) If B is n-affine over A, then for all m > n the functor
Modp)a),, (Am+1) = Bmt1

is an equivalence of (0o, 1)-categories (hence, in Mody,, ,, (1Pr)).

(ii)) If g : A — C is any map of Stefanich rings, then for any n-affine A-algebra B, also
B ®4 C = g*B is n-affine over C, and for allm > n, g5 (B/A)m = (B®a C/C)m.

(iii) Consider composable maps f : A — B and g : B — C with composite h : A — C. Assume
that f is n-affine. Then g is n-affine if and only if h is n-affine.

In particular, n-affine maps are stable under composition, base change, and passage to diagonals.

WARNING 6.7. The converse to (i) is wrong. Consider the map of stacks f : x — B%G,, (over
a field k, say), and let A — B be the corresponding map of Stefanich rings. Then f is 1-affine, so
(i) is satisfied for m > 1. But it is also satisfied for m = 0 as A; = By = D(k) and (B/A)y = k.
But f cannot be 0O-affine, as (B/A)o = k is the unit.

WARNING 6.8. In the literature, e.g. [Gail5], the notion of 1-affineness is often only a statement
at the level of 2-categories, and does not include a similar assertion at all higher levels. The main
reason was, of course, that these higher levels were not even considered. For the general formalism,
it is better to use this stronger condition, which is also satisfied in the examples of 1-affine maps
in the literature.

PROOF. Stability under small colimits is clear, as CAlg(An+1) — StRing,, preserves small
colimits.

For part (i), if B is n-affine, then for all m > n, one can write (B/A),,+1 as the image of
Mod g/ a),, (Am+1) under Moda,, ,, (1Pr) — Apmyo. But the latter functor is fully faithful on the
subcategory containing the unit and Mod(g/a),, (Am+1) by Lemma so the underlying (oo, 1)-
category is unchanged, and hence By, 11 = Modg/a),, (Am+1)-

Part (ii) follows from the commutative diagram

lg:i lgi‘m J{g*

CAlg(Cp41)—— CAlg(Cpy2)—— ... StRingc/,
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which is pasted from

CAlg(Ap 1) — CAlg(Mody,,,, (1Pr)) —— CAlg(An42)

: | -

CAlg(Cypy1) — CAlg(Modc,,, , (1Pr)) —— CAlg(C)12).

n+1

Here the commutativity of the first square is the general assertion that module categories base
change; while the commutativity of the second square follows from the commutative diagram of
symmetric monoidal (oo, 1)-categories

1\/10(:114nJrl (1PI‘) E—— An+2

| .

MOan+l (].PI') — Unp+42,

which comes from the datum of the map g of Stefanich rings.
For part (iii), we note that if B is n-affine over A, then StRingp , maps isomorphically to

StRing 4, X cAlg(An41) CAlg(An+1)(B)A), /-

In other words, C' is fully determined by the map A — C plus a map (B/A), — (C/A), in
CAlg(An+1). Now the (o0, 1)-category of n-affine C' over B is given by CAlg(B,+1), while the
(00, 1)-category of B-algebras C' that are n-affine over A is given by CAlg(An+1)(B/a),/- By (1),
we have CAlg(Bpy1) = CAlg(A,11)(B/4),/, compatibly with the above interpretation. O

6.4. Proper maps. In Lecture IV, we saw that 0-affine maps admit many well-behaved right
adjoints. We are abstracting this into the following notion@

DEFINITION 6.9. Let f: A — B be a map of Stefanich rings, and let n > 0. Then f is n-prim
if for all m > n + 1, the functor
1 "= (B/A)m
admits a right adjoint fp,—14: (B/A)m — 1in Apq.
In other words, the external right adjoint f,,,—1 « : By, — Ay, refines to an internal right adjoint
in Am+1~
PROPOSITION 6.10. Let A be a Stefanich ring and n > 0.

(i) If B € StRing,, is n-affine and countably presented, then it is n-prim.

(ii) The collection of n-prim B in StRing 4, is stable under all filtered colimits. Moreover, the
formation of filtered colimits of n-prim Stefanich A-algebras commutes with the functor
StRing 4, — CAlg(A) for m > n.

(iii) If f : A — Bisn-prim and g : A — C is any map of Stefanich rings, then the base change
f':C — B®y C is n-prim, and the map

9m(B/A)m = (B®4 C/C)m

21The name is taken from a recently introduced similar name in the theory of six functors, cf. e.g. [HM24] or
[Sch25b], used there to describe maps for which pullback has an internal right adjoint.
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in CAlg(Ap+1) is an isomorphism for m > n. More precisely, the formation of fp«
commutes with base change for m > n.

(iv) Let f: A— B and g : B — C be composable maps with composite h: A — C. If f and g
are n-prim, then h is n-prim.

In particular, n-prim maps are stable under base change and composition. However, they are
not stable under passage to diagonals. For example, for a field k of characteristic 0 (for simplicity)
and a variety X over k, its de Rham stack Xg4g is O-prim over k, but the diagonal is not.

PROOF. By shifting, we may assume (for notational convenience only) that n = 0.

For (i), let B be 0-affine over A and countably presented. This ensures that (B/A)y € CAlg(A;)
is countably presented, and then by induction all (B/A),, € CAlg(A,,+1) are countably presented.
For m > 1, the pullback functor

F—
A == Mod(p/4),,, (Am)
has a right adjoint fy,—1 . in Mody,, (1Pr). Taking the image under Mod4,, (1Pr) — A4, and
using that by O-affineness, this sends Mod g/ 4),,_, (Am) to (B/A)s, this shows that

*

1% (B/A)m

has a right adjoint f,,—1« in A,,41, as desired.
For (ii), let I be some countable filtered index category and i — B(i) a diagram in O-prim
Stefanich A-algebras. Let

(BJA)p, := colim;er(B(i)/A)m € CAlg(Am+1)

for m > 0. As I is filtered, the colimit commutes with the forgetful functor CAlg(Am+1) — Amt1-
We need to see that this is already a Stefanich ring. By Lemma below, the unit map

1= (B/A>m+l = COlimZ‘E[(B(Z‘>/A>m+1
admits a right adjoint fi,« in A,,+92, whose composite with f¥ is the colimit of f(i),.f(7),, using
the individual right adjoints f(i)ms : (B(i)/A)m+1 — 1, which we assumed to exist. We want to
compute End(p/y),.,, (1) as an object of CAlg(A;,+1). This is equivalently given by the composite
Jmsfo € Endy,, ., (1) = Ayyq. But by the description of fy. fy, as the colimit of the f (i)« f (7)),
this yields precisely colim;es(B(i)/A)m, as desired. Once we know that the colimit in StRing,, is
indeed given by B with (B/A),, as defined above, the above argument already proved that this is
0-prim.
For (iii), we similarly want to show that the

9m(B/A)m € CAlg(Cy1)

form a Stefanich ring. Note that for m > 0, the adjunction 1 ELN (B/A)m+1 ELLNE ™ Ao yields
an adjunction

Q:n-o-l(fr*n) 9:n+1(fm*)

1 Im+1(B/A)m+1 1

in Cyao. Computing Endg: . (5/4),, .. (1) as an object of CAlg(C,11) is then again equivalent

to understanding the composite of the unit map 1 — g% . (B/A);,4+1 with its right adjoint; this
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yields an object of Cp,41 = Endg,,,,(1) which is the underlying object of Endg-  (B/4)., (1) €
CAlg(Cp+1). But we have just identified this right adjoint, and hence this composite is given by

Im+1(fms ) € Ende,, 1, (1).

But on End_ (1), gj,,; reduces to gy, : Amt1 — Cpp1, while fi. fr, corresponds to End g4y, (1) =
(B/A)m € Amy1. Thus, the previous display evaluates to g, (B/A)m € Cp1, as desired. Now the
argument also proves that the base change is O-prim. In fact, it also identifies the right adjoint
of gy, 1(for) with g7 1 (fm«), which means that the formation of the right adjoint f,,« commutes
with base change.

For (iv), if f: A— B and g : B — C are O-prim, then note that for m > 1 the forgetful functor

Bt1 — A1 preserves right adjoints, and hence the right adjoint of 1 Im-1, (C/B)m in Byt
g:cnfl

yields a right adjoint of (B/A),, — (C/A);, in Ap,41. Thus, composing right adjoints for

1Y (B/A)m 225 (C/A)m
yields the claim. O
We used the following lemma about general presentable (oo, 2)-categories.

LEMMA 6.11. Let C € 2Pr. Let I be a countable filtered index category with an initial object
0€l, and let X : I — C be a functor. Assume that for all i € I, the map F; : Xo — X; admits a
right adjoint FiR : X; = Xo in C. Then

F: Xy— colimy X
admits a right adjoint FE, given by the compatible collection of functors
colimjer, Fi* o (X; = X;) : Xi = Xo.

In particular, the composite FRF is the colimit colim;e; FEF; in Endc(Xo), and the unit is the
map id — colimieIFiRFi which is the colimit of the maps id — FiRFi.

PRrROOF. We use Yoneda. More precisely, we can first assume that Xy and all X; are 1-atomic,
by replacing C by the 1Pr-linear (0o, 1)-category that is 1-atomically generated by the subcategory
of Xp and all X;. Then if X is any of these 1-atomic objects, the functor Hom¢ (X, —) : C — 1Pris
1Pr-linear. A morphism F : Y — Y’ in C that is right adjoint will map to a right adjoint functor
in 1Pr under Hom¢ (X, —). Conversely, if right adjoints exist under any evaluation, and moreover
for any map X — X', these right adjoints are preserved under the corresponding transformation
Homg (X', —) — Home(X, —) (i.e., the Beck—Chevalley condition), then F' admits a right adjoint.
As usual, this follows by applying the hypothesis to X = Y and X = Y’. The Beck-Chevalley
condition in fact follows from the claimed explicit description.

Thus, we can assume C = 1Pr. In this case, this is a standard fact. Alternatively, one can
also write down the unit and counit of the adjunction explicitly, and check that they satisfy the
triangles. O

As the notion of n-prim is not stable under passing to diagonals, the following strengthening is
more useful.

DEFINITION 6.12. Let f : A — B be a map of Stefanich rings, and let n > 0. Then f is n-proper
if all iterated diagonals f: A — B, Ay : B&®4 B — B, AAf :B®pg,B B — B, ... are n-prim.
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PROPOSITION 6.13. Let A be a Stefanich ring and n > 0.

(i) If B € StRing 4, is n-affine and countably presented, then it is n-proper.
(ii) The collection of n-proper B in StRing 4, is stable under all countable colimits.
(iii) If f : A — B is n-proper and g : A — C is any map of Stefanich rings, then the base
change f': C'— B ®4 C is n-proper.
(iv) Let f: A — B and g : B — C be composable maps with composite h : A — C. If f is
n-proper, then g is n-prim (resp. n-proper) if and only if h is n-prim (resp. n-proper).

PROOF. Most of this follows directly from Proposition Part (i), for example, follows from
part (i) there, plus stability of n-affine maps under passing to dlagonals The case of filtered colimits
in part (ii) similarly follows from part (ii) there. It then remains to handle relative tensor products.
Those follow from parts (iii) and (iv), using in particular the cancellation property in part (iv).

Part (iii) follows immediately from part (iii) for prim maps. For part (iv), note that diagonals
of a composite map can be written as composites of base changes of diagonals of the individual
maps; hence stability under composition for proper maps follows from the same result for prim
maps and stability under composition. For the converse, assume that f is n-proper and h is n-prim
(resp. n-proper). Write g as the composite B — B ®4 C — C where the first map is a base
change of h : A — C and hence n-prim (resp. n-proper), and the second map is a base change of
Ay : B®a B — B and hence n-proper. Thus, the composite g is n-prim (resp. n-proper). O

Being 0-proper is closely related to being rigid in the sense of Gaitsgory—Rozenblyum [GR17,
Chapter I, Definition 9.1.2].

PROPOSITION 6.14. Let A be a Stefanich ring and let B be a countably presented 1-affine
Stefanich A-algebra. Then B is 0-proper over A if and only if (B/A); € CAlg(Asg) is rigid in As,
.e.:

(i) The unit map 1 — (B/A)1 admits a right adjoint in Az, and
(ii) The multiplication map (B/A)1 ® 4, (B/A)1 — (B/A)1 admits a right adjoint in

Mod /4,84, (B/4) (A2)-

PRrROOF. Recall that B is automatically 1-proper, so being 0-proper amounts to having in ad-
dition right adjoints at the lowest level. If B is O-proper, then (i) and (ii) are satisfied by applying
the assumption of being 0-prim to A — B and its diagonal B ® 4 B — B, noting that by Proposi-
thn. (B®y B) 2—MOd(B/A)1®A (B/A), (Ag).

For the converse, it suffices to see that (i) and (ii) imply that the diagonal B ® 4 B — B is
O-affine: Indeed, then the diagonal is certainly O-proper, and together with A — B itself being
0-prim shows that A — B is O-proper. But the diagonal is 1-affine, O-prim, and admits a section.
This implies that it is O-affine by the next lemma. ([l

The following lemma is often useful to reduce the level of affineness.

LEMMA 6.15. Let f : A — B be a map of Stefanich rings. Assume that f is n + 1-affine,
n-prim, and there is some n + 1-affine map g : B — A with fg =idg. Then f is n-affine.

PROOF. By shifting, we can assume n = 0. Replacing A by the image of (B/A)y € CAlg(A4;) —
StRing 4/, we can assume that (B/A)o = 1 € CAlg(A;). In this case, we have to see that A — B
is an isomorphism; by l-affineness, it suffices to see that 1 — (B/A); is an isomorphism. Now
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f§ 1 = (B/A); has a right adjoint fo. in Ag, as f is O-prim. Moreover, the unit id — fo. f3 in
A1 = Enda, (1) is an isomorphism, as this is the map 1 — (B/A)g. We would now like to argue that
as gg splits the map 1 — (B/A);, it must be an isomorphism. But that is not quite true. What
is true is that after applying g1, to 1 — (B/A)1, we get the map (A/B); — 1 that is indeed split
by g5 : 1 = (A/B)1. As g1« preserves the fully faithful adjunction, this implies that 1 — (B/A);
becomes an isomorphism after applying gi.. But as g is 1-affine, g1. : A2 = Mod4/p), (B2) — Ba
is conservative, so this finishes the proof. O

6.5. Etale maps. In Lecture V, we saw that in many situations, we have left adjoints to
pullback instead; and that by ambidexterity we can pass between the settings of left and right
adjoints at the expense of losing a categorical level. Let us thus introduce the analogues of the
previous definition for left adjoints.

The analogue of n-prim is the following@

DEFINITION 6.16. Let f : A — B be a map of Stefanich rings, and let n > 0. Then f is n-suave
if for all m > n + 1, the functor

1% (B/A)m
admits a left adjoint f,,—14 : (B/A),, — 1 in A1, and moreover the following condition holds.
For m > n, let
(B/A), = fmg(1) € A,

which comes with a natural map (B/A)!, M 1in Ap41. For m > n + 1, this map admits a

right adjoint ffn_1 in At

We note that (B/A),, = fms(1) is naturally a commutative coalgebra in Ay, 1, which dualizes to
the algebra (B/A),,. In particular, the counit map (B/A)!, — 1 dualizes to the map 1 — (B/A),,.
Thus, the existence of the right adjoint for (B/A)! — 1 is a strengthening of the existence of
the left adjoint of 1 — (B/A),, (and we ask both in the same regime m > n + 1). If (B/A)!,
is dualizable for all m > n + 1, the conditions are equivalent; this is how we argued in the last
lecture, effectively. One should regard the existence of the right adjoint of (B/A),, — 1 as being
the “correct” condition to put, but its mere formulation requires the existence of the left adjoint
one level higher.

REMARK 6.17. The notation (B/A)!, is suggestive of l-sheaves: Any fpqc stack X is 1-suave over

the point Spec(S), and hence one gets an object (X/S)'l € 1Prg; explicitly, this can be computed
to be the category of !-sheaves, i.e. one takes the limit of D(A), for affine A, along !-pullback. For
m > 2, ambidexterity shows that in this example (B/A), = (B/A),, and this will be generally
the case for us — only at the lowest level there will (usually) be a difference between (B/A),, and
(B/AY,

Under such an identification (B/A)., = (B/A), the functor denoted f,, 1, above is an incar-
nation of the “usual” !-functors in six-functor formalisms. We will make this point precise later.

We have an analogue of Proposition at least of parts (iii) and (iv). There is also an
analogue of (ii), but it deals with limits rather than colimits, and we will discuss this in the next
lecture.

22Again, the name is chosen in analogy with a similar notion for six functors.
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PROPOSITION 6.18. Let A be a Stefanich ring and n > 0.

(i) If f : A — B is n-suave and g : A — C is any map of Stefanich rings, then the base
change ' : C — B ®4 C is n-suave, and the map

Gm(B/A)y = (B@4C/C)p,

in Cpy1 18 an isomorphism for m > n. More precisely, the formation of fyy commutes
with base change, for m > n.

(ii) Let f: A — B and g : B — C be composable maps with composite h: A — C. If f and g
are n-suave, then h is n-suave.

PROOF. By shifting, we assume n = 0. For (i), we first want to show that the

(g (B/A);)" € CAlg(Crnt1)

form a Stefanich ring, where — denotes the dual (in the sense of the internal mapping object to
the unit) in Cp,y1.

fmfl,!
T

Frne . ) .
For m > 0, consider the adjunction 1 ~“= (B/A)! 1in A,,y1. This dualizes, under

fmf m— .
internal mapping to the unit, to the adjunction 1 === (B/A),, u) 1. In particular, the com-

posite maps 1 — 1 are the same, and hence given by (B/A)},_; = fm-14(1) € A, = Endg,, ., (1).

!

If we apply g}, to the adjunction 1 — (B/A),, — 1, we get an adjunction

1 I (Frn1) g;fn(B/A);n

in Cp, 1. The composite map 1 — 1 is given by g, ;(B/A)}, | € Cp = Endg,,,,(1). If we dualize
the displayed adjunction, we get an adjunction

1 (g,(B/A),)Y — 1

g:n(fmfl,!)
—=1

in Cy,11, whose composite is still given by g*,_;(B/A). _, € Cy,. Here (g,(B/A)},)Y is a commu-
tative algebra in Cj,11, and the first map is the unit map, while the second is its left adjoint. It
follows that the composite is a predual to End . (g/ay yv(1). Thus,

End(ge (5/ay,)v (1) = (g1 (B/A)51)"

for m > n 4+ 1, showing that indeed (g,(B/A)},)Y, for m > n, forms a Stefanich C-algebra. This
is also the correct base change. Indeed, let us form instead (g;,(B/A)m)m>n, and compute the
endomorphism of the unit. To do so, start with the adjunction for m > 1

11" (B/A),, Tt

!

with induced endomorphism of 1 again being (B/A);,,_1,
Cp+1. This shows that there is a similar adjunction

1—=g . (B/A)y, — 1

and take its pullback under g, : A1 —

with induced endomorphism of 1 being ¢, _;(B/A)
Thus,

m—1

' _; and this yields a predual of Endg- (B/a),, (1)

Endg. (p/4),, (1) = (gp_1(B/A), 1)"
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for m > 1, thereby showing that indeed (g, (B/A)},)Y, for m > n, is the correct base change. The

base-changed adjunctions used in the proof above then immediately yield all the required left and

right adjoints, and also show that the formation of these adjoints commutes with base change.
For (ii),if f: A — B and g : B — C are 0-suave, then note that for m > 1 the forgetful functor

Bit1 — App1 preserves left adjoints, and hence the left adjoint of 1 Im1, (C/B)m in B,y yields

*
Im—1

a left adjoint of (B/A),, —— (C/A)m in Apy1. Thus, composing left adjoints for
1270 (BJA)m 2224 (CA)m,
gives the existence of the left adjoint. We can then define the diagram
(C/A),, — (BJA)L, 1
and again both individual maps admit right adjoints, hence so does their composite. O

Again, being n-suave is not stable under diagonals, so often the following strengthening is more
useful:

DEFINITION 6.19. Let f: A — B be a map of Stefanich rings, and let n > 0. Then f is n-étale
if all iterated diagonals f: A — B, Ay: B®s B — B, AAf : B®pg,B B — B, ... are n-suave.

PROPOSITION 6.20. Let A be a Stefanich ring and n > 0.
(i) If f : A — B isn-étale and g : A — C' is any map of Stefanich rings, then the base change
f':C — B®y C is n-étale.
(ii) Let f : A — B and g : B — C be composable maps with composite h : A — C. If f is
n-étale, then g is n-suave (resp. n-étale) if and only if h is n-suave (resp. n-étale).

PRrROOF. This follows directly from Proposition[6.18] arguing as in the proof of Proposition [6.13]
O

6.6. Ambidexterity. In the previous lectures, we proved that all (bi-countably presented)
fpqc stacks are 1-étale and 2-proper. Abstracting the argument there, we have the following.

PROPOSITION 6.21. Let f: A — B be a map of Stefanich rings and n > 0.
(i) If f and Ay are n-prim, then f is n + l-suave. In particular, if f is n-proper, then f is
n + 1-étale.
(ii) If f and Ay are n-suave, then f is n + 1-prim. In particular, if f is n-étale, then f is
n + 1-proper.
Moreover, under either assumption of (i) or (i), one gets an identification fuy = fims form > n41,
and this functor preserves dualizable objects.

PROOF. By shifting, we may assume n = 0. For part (i), we claim that for m > 1, the
map fi 1 — (B/A)m+1 in Apqo has a right adjoint fi,.« such that the unit and counit of

the adjunction admit right adjoints. Namely, the unit is given by 1 fm—71> (B/A)y in Apy1 so
is handled by f being O-prim, while the counit is a map in Endg,,.,((B/A)m+1). There is a
functor (B ®4 B)m+1 — Enda,, ,((B/A)m41) given as usual by kernels; this takes the map 1 —
(B/B®4 B)p, in (B®y B)pm+1 to the counit of the adjunction. In particular, if this admits a right
adjoint in (B ®4 B)m+1, then we get the desired right adjoint of the counit. Now Proposition
shows that for m > 1, the right adjoint f,. is also a left adjoint f,,;. In particular, fr.« = fins
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preserves dualizable objects by Lemma [6.22] below. Hence fm#(1) is dualizable for m > 1; this
shows that the extra condition in Definition [6.16] is also true.

Part (ii) is similar. More precisely, we claim that for m > 1 the unit and counit of the adjunction
between f;, and f,,; admit right adjoints. For the counit, this is part of the definition of being 0-
suave for f. For the unit, it follows from (B/B®4 B)},, — 1 having a right adjoint in (B®4 B)m1,
under the functor (B ®4 B)m+1 — Enda,, ,((B/A)m+1) given by kernels (using left adjoints). O

The following lemma shows in particular that being both n-prim and n-suave ensures that f,;
and fy,. preserve dualizable objects for m > n.

LEMMA 6.22. Let f*: C — D be a map in CAlg(PrF). Assume that f* has both a C-linear left
adjoint fy and a C-linear right adjoint f.. Then fy and f. preserve dualizable objects.
PRrROOF. For any dualizable N € D and any M € C, we have
Home (fyN,1) ® M = f,Homp(N,1) ® M
=~ f,(Homp(N,1)® f*M)
= f,Homp(N, f*M)
= Home (fzN, M),

showing that fyN is dualizable. By the computation, the dual is automatically f, NV where NV is
the dual of N in D. This also shows that f, preserves dualizable objects. O
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7. Lecture VII: Gestalten

With the definition from the last lecture, we can finally state the theorem from the first lecture
in a precise form.

THEOREM 7.1. Let A be a Stefanich ring A and n > 0. Consider the (0o, 1)-category StRing’X/et
of n-étale A-algebras. Then (StRingZ'/et)Op is a countably (oo, 1)-topos, i.e.

Indy, (StRingly*)°P
is an (00, 1)-topos.

The qualifier “for all practical purposes” of the first lecture thus refers to two aspects: On the
one hand, to a restriction to countable colimits instead of all small colimits. This is a set-theoretic
nuisance that has to be there as StRing and its opposite cannot both be presentable. If we replace
N; by a different uncountable regular cardinal, one would similarly replace “countable” above.

The slightly more serious aspect is the restriction to n-étale Stefanich rings, for some fixed n.
However, as for example all algebraic stacks are 1-étale, and there are extremely strong stability
properties of n-étale Stefanich rings (possibly up to a slight increase of n by 1 or 2), in practice one
can safely just fix n = 10 at the start and proceed. As one increases n, any reasonable construction,
for a very generous notion of “reasonable”, will stabilize at some very early level.

7.1. Countably (oo, 1)-topoi. Let us recall the definition of (oo, 1)-topoi from [Lur09b], and
then describe its countable variant that will be relevant to us.

THEOREM 7.2 (|[Lur09bl Theorem 6.1.0.6]). Let C' be a presentable (0o, 1)-category. The fol-
lowing conditions are equivalent.

(i) There is a small (00, 1)-category S and a left exact accessible localization
PShv(S) = Fun(S°P, Ani) — C.
(ii) Taking k so that C' is k-presentable and C* is stable under finite limits, the functor
PShv(C*) —» C

of presentable (00, 1)-categories, extending the embedding C* C C, commutes with finite
limits.
(iii) Giraud’s azioms are satisfied, i.e.
(a) Colimits are universal.
(b) Coproducts are disjoint.
(c) Groupoid objects are effective.

We briefly recall the meaning of Giraud’s axioms:

(a) Colimits are universal: This means that for all maps f : Y — X, the pullback f*: C)/x —
C/y commutes with small colimits.

(b) Coproducts are disjoint: This means that for all X,Y € C, the fibre product X xxy Y
is empty (i.e., the initial object).

(c) Groupoid objects are effective: This is the most subtle and important axiom, and the one
which differs between the (1, 1)-categorical and the (oo, 1)-categorical version of topoi. A
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groupoid object in an (oo, 1)-category C' is a simplicial object X, such that for all n > 1,
the natural map

X, — XX

(induced by the n maps X,, — X over Xj) is an isomorphism. Examples of groupoid
objects are Cech nerves of maps f : X — Y, where Xo = X, X; = X xy X, and in
general X, = X*tD/Y. if X — YV is also an effective epimorphism, such groupoid
objects are called effective. In this case, the “effective epimorphism” condition ensures
that Y is necessarily the geometric realization of X,, and the condition of effectivity

becomes equivalent to asking that the resulting map X1 — Xg Xy Xg is an isomorphism,
cf. [Lur09b) Proposition 6.1.2.11].

Note that even if all X; are O-truncated, typically the geometric realization is only 1-truncated
— one gets classifying anima of groups this way.
This suggests the following countable version.

PROPOSITION 7.3. Let C' be a small (00, 1)-category admitting all countable colimits and finite
limits. The following conditions are equivalent.

(i) There is small (00, 1)-category S with finite limits such that there is a left exact localization
PShv(S)¥ — C.

(ii) The functor
PShv(C)™ — C

(commuting with countable colimits, and extending the identity C — C') commutes with

finite limits.
(iii) Giraud’s azioms are satisfied in C, i.e.

(a) Countable colimits are universal.

(b) Coproducts are disjoint.

(¢) Groupoid objects are effective.
(iv) The Xy-presentable (00, 1)-category Indy, (C) is an (oo, 1)-topos.

We note that (b) and especially the most important condition (c) only refer to countable colimit
diagrams, so the “essence” of being an (oo, 1)-topos is contained in the countable colimits.

ProOF. Implicit in (i) (and (ii)) is that PShv(S)™ C PShv(S) is stable under finite limits.
General finite limits reduce to fibre products. If X,Y,Z € PShv(S)®! with maps X — Y « Z,
then to show that X Xy Z is countably presented, we can first write X and Z as countable colimits
to reduce to the case X,Z € S. We can write Y as a geometric realization of a simplicial object
Y, consisting of countable disjoint unions of objects of S. The maps X, Z — Y factor over Yp, and
X xy Z = X xy, (Yo Xy Yo) Xy, Z, so we can further reduce to X = Z =Y. Now we can apply
Kan’s iterated simplicial subdivision Ex,, to make Y, into a Kan complex; this keeps countable
presentation. Then Yy xy Y{ is also the geometric realization of Yy Xy; Yy, which is still countably
presented.

It is clear that (ii) implies (i). If (iv) is satisfied, then (ii) and (iii) are satisfied by Theorem [7.2]
taking £ = X;. But (i) implies (iv). O

DEFINITION 7.4. A countably (oo, 1)-topos is a small (oo, 1)-category C satisfying the conditions
of Proposition [7.3]
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7.2. Limits of n-suave Stefanich rings. Before starting the proof of Theorem let us
note that the statement is surprising. Namely, stating that in the opposite of a category of A-
algebras, colimits are universal, translates into limits of A-algebras commuting with base change.
In fact, the following statements are true:

(i) For any countable category I and any diagram I — StRingZ"/et : i — B; of n-étale A-
algebras, also the limit B = lim;c7B; is n-étale over A.
(ii) Moreover, given any map g : A — C, the base change — ® 4 C preserves the limits from
().
At the level of usual commutative rings, such statements are very false. It is thus a bit surprising
that they become true at this categorified level. The key phenomenon is of course ambidexterity,
which blurs the distinction between left and right adjoints, and correspondingly between limits and
colimits.
As a first step towards the proof of Theorem (7.1, we prove (i) and (ii) in the n-suave case.

PRoOPOSITION 7.5. Let A € StRing and n > 0.

(i) The collection of n-suave B in StRing 4, is stable under all countable limits. Moreover,
the formation of countable limits of n-suave Stefanich A-algebras commutes with the con-
travariant functor B — (B/A)}, € Ay form > n, i.e. takes countable limits to colimits.

(ii) For any g : A — C, the functor —®4 C': StRing 4, — StRingq, commutes with countable
limits of n-suave Stefanich algebras.

PROOF. As usual, we shift to assume n = 0. For (i), let I be some countable index category
and i — B(i) a diagram in 0-suave Stefanich A-algebras. As forming limits of Stefanich rings is
done naively, the limit B is given by the collection of

(BJ/A)m = lim;cr(B(i)/A)m € CAlg(Am+1)
for m > 0. By Lemma [7.6] below, for m > 1 the map 1 — (B/A), admits a left adjoint, computed
as the colimit of the left adjoints of the individual 1 — (B(i)/A),,. Thus, we see in particular that
(B/A)y, = colimicron(B(i)/A),

as commutative coalgebras in A,,41. Now we need to see that for m > 1 the map (B/A),, — 1
admits a right adjoint. This is also part of Lemma below.

Now part (ii) follows from base change of n-suave algebras A — B being computed by taking
the pullback g*, (B/A)!,, of the coalgebra (B/A)!, and passing to the dual afterwards; this operation
commutes with base change, as

(B/A), = colimieror (B(i)/A)s,
by (i). O
We used another lemma about (co)limits and adjoints in presentable (oo, 2)-categories.

LEMMA 7.6. Let C € 2Pr. Let I be a countable index category and X : I — C some diagram.
(i) Assume that' Y € C is equipped with a map F :'Y — lim; X such that for all i € I, the
composite map F; 1 Y — X, admits a left adjoint FZ-L. Then F admits a left adjoint F*,
given as the composite

colimjop

liml**F;
lim; X — ImP*X ——5 lim!™Y = Fun(I°P,Y) Y,
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so that FL'F is given by the colimit colimielopFiLFi, with counit FYF — id the correspond-
ing colimit colimigopFiLFi — id of counits.

(ii) Assume that Y € C is equipped with a map F : colim;X — Y such that for all i € I, the
composite map F; 1 X; — Y admits a right adjoint FiR. Then F admits a right adjoint
FE . given as the composite

((Xi—>colim1X)oFiR)i colimj

Y Fun(Z, colimyX) — colim; X,

so that FF® is given by the colimit colimieIFiFiR, with counit FF® — id given as the
corresponding colimit of counits.

PROOF. The proof is very similar to the proof of Lemma see also [HY17, Theorem B
for (i). O

7.3. Proof of Theorem Let us now prove Theorem [7.1] At this point, the argument is
basically formal, but a bit confusing. For psychological reasons, it is helpful to prove the following
generalization.

Assume that C is some small (oo, 1)-category with finite limits, together with a left exact
N;-accessible localization of PShv(C'), which we will denote as Shv(C); equivalently, a left exact
localization Shv(C)™ of PShv(C)¥. We assume that C is subcanonical, so that C' embeds into
Shv(C)™.

Moreover, let

O:C% — StRingﬁ'/et
be a sheaf of n-étale Stefanich A-algebras on C'. We assume that O takes finite limits in C' to finite
colimits in StRing,; i.e., the final object of C' goes to A, and fibre products go to tensor products
(“the Kiinneth formula holds”).
By descent, we can extend O to a functor, still denoted
O : Shv(C)°? — StRing,,.
We will generally restrict attention to the countably (oo, 1)-topos Shv(C)™.
THEOREM 7.7. In the situation above, the functor
O : Shv(C)M°P — StRing 4,

takes values in n-étale Stefanich A-algebras, and takes finite limits in Shv(C)™ to finite colimits
in StRing .

This generalizes the case where C' was CAlg(D(S))®°P, considered in Lecture V. In fact, as we
will see, the proof in the general case is basically identical to the proof in Lecture V.
Let us first show that Theorem [7.7] implies Theorem

THEOREM IMPLIES THEOREM [(.1l We take C' = (StRingZ‘ft)C’P, with the trivial Grothen-
dieck topology (i.e., Shv(C) := PShv(C)). This is small, as for n-étale Stefanich algebras B, all
(B/A)m € Apmy1 are dualizable for m > n + 1, and hence Ny-compact. In this case, Theorem
says that O yields a functor

PShv(C) — C C StRingZp/

that commutes with finite limits. Thus, C' satisfies condition (ii) of Proposition Moreover, we
note that the proof also shows the next corollary. O
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COROLLARY 7.8. Let A € StRing and n > 0. Any countable limit of n-étale Stefanich A-
algebras is itself n-étale over A.

n-et

PROOF. Indeed, the previous proof showed that the limit taken in StRing,, stays in StRing’y 7
for any countable diagram of n-étale A-algebras. O

Now we prove Theorem (noting that in its proof we cannot yet use Corollary [7.8)).

PRrROOF OF THEOREM [[.7] First, we show that for any map f : Y — X in Shv(C), the map
f*:O0(X) = O(Y) is n-suave. If X is representable, i.e. lies in C' C Shv(C), then this follows
from Proposition (i). Moreover, Proposition (ii) shows that for any map of representables
g: X" = X, the natural map O(X')®px)O(Y) — O(X' xxY) is an isomorphism. More precisely,
for any m > n, we get the cocommutative coalgebra (O(X’ xx Y)/O(X"))}, € O(X")my1, and its
formation commutes with base change.

Thus, by descent, we can define a cocommutative coalgebra B, € O(X),,+1 whose base changes
to the representable X’ — X are the (O(X' xx Y)/O(X")),, € O(X')my1; in particular, for

m
9m—1,!

m > n + 1 the counit B!, =~ 1 admits a right adjoint gsn_l in O(X)m+1. Taking the internal
Hom to the unit, its dual is

Home(x),,., (Bis 1) = limxsecgix/— x gmsHomo(xny, ,, (O(X' xx V) /O(X')),, 1)
= limxrec g:x/—xgms(O(X' xx Y)/O(X"))m
=limxrecgx»x(OX' xx Y)/O(X))m
= (0(Y)/O(X))m,

using that Y is the colimit of the X’ xx Y, and hence (O(=)/O(X))m € O(X)m+1 is the limit.
The right adjoint of B!, — 1 then dualizes to a left adjoint of 1 — (O(Y)/O(X)), for m > n + 1.
Moreover, the value of this left adjoint at the unit is B!, _; € O(X),,. Indeed, this value can also

be computed as the composite of 1 Imot, B!, Imty 1, and this is B!, ; (by descent). We have
already seen that B!, — 1 has a right adjoint when m > n + 1; thus, O(Y) is n-suave over O(X),
with (O(Y)/O(X))},, = B,,. Moreover, the argument shows that for all representable X’ — X, the
map
O(X/) ®O(X) O(Y) — O(X/ X x Y)
is an isomorphism; indeed, base change of n-suave maps is computed via base change of the coal-
gebras, so this follows from (O(Y)/O(X))},, = B,
By 2-out-of-3 for isomorphisms, it follows now that for any pullback X’ — X < Y, the map

O(X/) ®O(X) O(Y) — O(X/ XX Y)

is an isomorphism.

At this point, we know that f* : O(X) — O(Y) is n-suave for all f:Y — X; and we know
that the Kiinneth formula always holds true. Thus, passing to diagonals can be done either on
sheaves, or on Stefanich rings; but as we know suaveness for all maps, we know it in particular
for all iterated diagonals, and hence in fact for all f : Y — X, the map f*: O(X) — O(Y) is
n-étale. g



7. LECTURE VII: GESTALTEN 65

7.4. Descent. Let Gest = StRing®P; for any A € StRing, we denote the corresponding object
of Gest by Gest(A). If A is n-affine, we will also often simply denote this as Gest(A,). More
generally, if X = Gest(A) and Y is n-affine over X, associated to (O(Y)/O(X)),, € CAlg(O(X)n+1),
we write

Y = Gestx ((O(Y)/O(X))n).

One convenient aspect of the formalism is that the properties of morphisms introduced above

are local with respect to the tautological topology. More precisely:

PROPOSITION 7.9. Let f:Y — X be map of Gestalten. Let g : X' — X be a map of Gestalten
that is an effective epimorphism, i.e. the natural map

colim e pop XX — X

is an isomorphism; if g is n-étale for some n, this means that g : X' — X 1is a cover in the countably
(00, 1)-topos Gest’/‘}?t.

Then, for any n > 0, f is n-affine (resp. n-prim, n-proper, n-suave, n-étale) if and only if
f'=FfxxX":Y' =Y xx X' = X' is n-affine (resp. n-prim, n-proper, n-suave, n-étale).

PROOF. In one direction, this follows from base change compatibility of all notions. For the
converse direction, assume that f’ has one of these properties; we want to show the same for f.
But as countable colimits of Gestalten correspond to countable limits of Stefanich rings, and those
are computed naively, we have

O(X)m = hm[n]eAOPO(X/XX(nJrl))m

for all m. If f’ is n-affine, then f gives rise to a commutative algebra object in the displayed
category for any m > n, and these are related by passing to internal module categories; this shows
that f is n-affine. If f’ is n-prim, then for m > n + 1, the object f;, ;.1 € O(X');, satisfies base
change, so defines an object in the limit O(X),,, which must then be given by f;,—1.1. The map
1 = fm—1+11in O(X),, admits a right adjoint, as its base changes do. This shows that f is n-prim.
The n-proper case follows formally by passing to diagonals; similarly, the n-étale case reduces to
the n-suave case. In the n-suave case, one argues similarly using f;n_ml. O

While at first sight this may seem formal and unsurprising, this behaviour is in fact much better
than could maybe be expected. Namely, already in rigid-analytic geometry, there is no good notion
of affine morphism. For example, if X is the 2-dimensional closed unit disc over Q, (considered as
a Gestalt via taking Gest(O(X)) over the solid p-adic numbers Gest(D(Qpn))), and U C X is the
locus where either |z;| > % or |ze| > %, then U is not affine (as it has cohomology in degree 1).
However, one can cover X by the rational open subsets

Vi = {loil. foal < 53, Va = {lerl, & < loal}, Vs = {Jeal, & < Jou]}.

Then U x xV; C V; is affine for all i. Indeed, it is empty for ¢ = 0; and U x x V4 C Vi (resp. UxxVa C
V5) is given by the locus where |zo| > % (resp. |x1| > %) which is affine.
In the formalism of Gestalten, it follows from the previous proposition that U does in fact

count as O-affine, associated to the nonconnective E-algebra of global sections O(U), i.e. U =
Gest(O(U)) over Gest(D(Qp0)).
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8. Lecture VIII: Examples

As in the last lecture, we let Gest = StRing®P; for any A € StRing, we denote the correspond-
ing object of Gest by Gest(A). Generally, we will fix some base A — usually either the initial
ring (%, Ani, 1Pr, 2Pr,...) or the 1l-affine Stefanich ring corresponding to D>(k) or D(k) for some
(connective) Eoo-ring k — and work in the (countably) (oo, 1)-topos Gest%?t of n-étale Gestalten
over the corresponding base Gestalt X. However, all examples discussed below will be 2-étale, and
I will generally drop the superscript.

Let us discuss various examples.

8.1. The point. For any X = Gest(4), the point * € Gest,x is given by X = Gest(A). In
particular, in the absolute case, this is Gest(x, Ani, 1Pr,...), and is O-affine, O-proper, and 0-étale.

8.2. The empty set. Again, for any base X, we have the empty set () € Gest/y. This is the
Gestalt associated to the zero ring () = Gest(x, *, *,...). This is always 1-affine and hence 1-proper,
and also 0-étale (as a colimit — the empty colimit — of 0-étale maps). Over the absolute base, it
is not O-affine (as the 0-th term for both * and ) is %), but it becomes 0-affine after base change to
Gest(Ani,) corresponding to the symmetric monoidal presentable (oo, 1)-category of pointed anima
Ani,. In particular, after base change to D>o(k) or D(k), it is O-affine.

8.3. Finite sets. For any base X = Gest(Ay, A1,...) and any finite set I, we have the corre-
sponding object I = | |;c; * € Gest/x. This is Gestx (] [; Ao, []; A1,...), and is always 1-affine and
hence 1-proper, and also O-étale. If A is semiadditive, then I € Gest,yx is O-affine. It suffices to
check this for I = LI % over X = Gest(Mong__(Ani)), the initial semiadditive symmetric monoidal
presentable (0o, 1)-category. (Indeed, once it holds for the 2-element set, it holds for all powers, and
all subsets thereof.) But then A; x A is equivalent to M € A; plus idempotent maps ey : M — M,
eo : M — M with e; + eo = 1 — the idempotents then cut out retracts M; and M, such that the
map My & My — M is an isomorphism. In particular, over Gest(Dx>o(k)) or Gest(D(k)), finite sets
are O-affine, O-proper, and 0-étale.

To see that finite sets are always 1-affine, note that by shifting this is equivalent to finite sets
being 0-affine when working over X = Gest(1Pr); and 1Pr is semiadditive.

8.4. Countable sets. Generalizing the previous example to countable sets, they are still 1-
affine and hence 1-proper, and 0-étale. Indeed, as a countable colimit of 0-étale maps, they are
certainly 0-étale; this already proves that they are 1-proper. To prove l-affineness, we argue as
in the previous part, but noting that after shifting 1Pr is even countably semiadditive. (More
generally, countable sets become 0-affine after base change to any X = Gest(A) with A; countably
semiadditive.)

8.5. Countable anima. Again, countable anima are 0-étale and hence 1-proper. In general,
they are however not n-affine for any n, even after base change to say Gest(D(k)) for reasonable k.
Indeed, we prove by induction on n that B"*1(Z/2) is not n-affine, when working over Gest(D(Q))
(and hence their disjoint union is not n-affine for any n). For this, we first note that B""1(Z/2)
is in fact O-proper over Gest(D(Q)), by induction on n. By induction, and as we already know
1-properness, it suffices to see that it is O-prim. This means that the functor

D(Q) = D(Q)P" /2
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has a D(Q)-linear right adjoint, i.e. preserves small colimits. For n = 0, this is the functor from
D(Q) to Z/2-representations in D(Q), and the right adjoint takes Z/2-cohomology. As 2 is invertible
in Q, Z/2-cohomology is exact and hence commutes with all small colimits. For n > 0, the pullback
functor is actually an equivalence. Thus, by Lemma if B"*1(Z/2) is n-affine for n > 1, then
its diagonal is (n — 1)-affine, and hence by base change B™(Z/2) is (n — 1)-affine. Thus, to prove
that B"t1(Z/2) is not n-affine, it suffices to see that B(Z/2) is not O-affine. But its 0-affinization
corresponds to the algebra of Z/2-cohomology on @Q, which is just Q.

Of course, this argument works more generally, for Z/2 replaced by any finite abelian group,
and Q by any ring in which its order is invertible. Even more generally, we have the following result,
showing that in large generality passing to the diagonal drops the level of affineness by precisely
one. Part (2) generalizes results of Gaitsgory on l-affineness [Gail5], and related results for the
general case appeared in Stefanich’s thesis [Ste21].

PROPOSITION 8.1. Let f : Y — X be a map of Gestalten and n > 0.

(1) Assume that f is n+ 1-affine and Ay is n-prim. Then Ay is n-affine.
(2) Assume that Ay is n-affine and f is n+ 1-prim. Then f is n + 1-affine.

In particular, if f is n-proper, then f is n + 1-affine if and only if Ay is n-affine.

Proor. Part (1) follows from Lemma applied to A% : A = O(Y xxY) = B = O(Y).
For part (2), let Y/ = Gestx ((O(Y)/O(X))n+1) be the n + 1-affine truncation of Y/X. By Corol-
lary the map h : Y — Y’ is surjective. Thus, it suffices to see that A, : Y — Y Xy Y is an
isomorphism. We first note that Ay, is n-affine. Indeed, Ay :Y — Y xx Y is n-affine, so it suffices
to see that Y Xy+ Y — Y X x Y is also n-affine. This is a pullback of the diagonal Y’ — Y’ x x Y/,
which arises from the n-affine map Ay by taking n + 1-affine truncations over X, and hence is also
n-affine. But Ay, : Y — Y xy/ Y also induces an isomorphism upon taking (O(—)/O(Y"))n+1 as
h:Y —Y’is n+ 1-prim so that

(O xy Y)/OY )41 = (OF) /O ))nt1 @o(y1),ss (OF) /O ))ns1,

but (O(Y)/O(Y")pt1 =1 in O(Y')yqo. Thus, Ay : Y — Y Xy Y is n-affine but also induces an
isomorphism A;n on O(—)p41; this implies that it is an isomorphism (as the map 1 — Ay, ;.1 in
O(Y xy+Y)p41 is an isomorphism, by virtue of A} = being an equivalence). O

8.6. Affine line. Consider the functor taking any ¥ = Gest(B) € Gest to O(Y')p = By € Ani.
Working over a base X = Gest(A), this is representable by Al := Gesty (Ap{x}), where Ag{x} is
the free Fo-algebra on one generator x over Ag. In particular, it is 0-affine, and hence O-proper
and 1-étale. In particular, over the absolute base, this is Gest(x{x}) where *{z} = | | 5, */3, is
the free Foo-monoid (in anima) on one generator. -

Note that over S or even Z, the free E-algebra Z{z} = €, -, Z[*/%,] is not isomorphic to the
polynomial algebra Z[z]; rather, it has contributions coming from the group homology of symmetric
groups. After base change to Q, the two versions of the polynomial algebra agree.

We can also define the other version of the affine line already over the absolute base; we will
denote it by G,. This is also 0-affine, and over the absolute base it is G, = Gest(N), or over any
base X = Gest(A) as Gestx(Ag[x]) where Ag[z] = ||, Ao - 2" denotes the polynomial algebra
over Ag. Again, it is 0-affine and hence 0-proper and 1-étale.
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8.7. Multiplicative group. Consider the subfunctor GL; C A! taking Y = Gest(B) to the
invertible elements O(Y) = By € O(Y)o = By. This is again representable and 0O-affine (hence
0-proper, 1-étale), and given by Gesty (Ag{x*1}), the free E.-algebra on an invertible element .

Again, there is also another version, defined as

Gm := GL; x41 G, = Gestx(Ag[z*!]).

Over the absolute base, this is Gest(Z) (where Z € CAlg(Ani) as a “multiplicative” group). Thus,
it represents the functor taking any Y = Gest(B) to Homgajg(ani)(Z, Bo). Again, over D(Q) (or
just D>0(Q)), GL; and G,, are the same.

8.8. Projective line. As an example of a gluing that one can do in Gestalten, we can form
the pushout

Al Ucr, Al

(where the maps GL; — Al are x + z and  + z~!). This is already defined over the absolute
base. As a pushout of 1-étale Gestalten, it is 1-étale. It is not O-affine, but its diagonal is O-affine.
Indeed, the product of two copies of Al Ugp, Al is covered by four copies of Al x Al and the
preimage of the diagonal is either A' embedded diagonally, or GL; embedded via z + (z,z7%);
both are 0-affine as maps between 0-affines.

It turns out that before passing to the stable setting of D(S), this is not well-behaved, and
different from the object one might expect. Namely, Zariski covers are not usually covers in D>q(k):

PROPOSITION 8.2. Let k be a field, for concreteness. The map

Gestx (K[TH")) U Gestx (k[T, 27]) — Gestx (k[T))

over X = Gest(D>o(k)) is not surjective. After base change to Gest(D(k)), it becomes surjective.

PRrROOF. After base change to D(k), this follows from Theorem and Theorem (7.7} Before,
however, one would need that the image of the map

D>o(K[T*]) x Dxo(k[T, 127]) = Dxo(k[T])

generates the target under small colimits, by Proposition (ii). But k[T does not admit maps
from nonzero k[T*'] or k[T, 12=]-modules, so it cannot be generated in this way. O

After base change to D(S), we see from Theorem and Theorem that
Al Ugr, A

is coming from the obvious fpqc stack (which here is really just a derived scheme). In particular,
it is O-proper. If one forms the version

Ga |—|(Gm Ga

using actual polynomial algebras instead of free Eo-rings, then it is also 0-suave. Over D(Q), the
difference disappears.
In the following examples, we work over X = D(Q).
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8.9. The classifying stack of G,,. Related to the projective line, we also have the classifying
stack */G,,. A related object is the moduli space Pic of line bundles, taking any Y = Gest(B) to
the anima B of invertible objects in O(Y); = Bj. Note that for any line bundle L € By, one has
the commutativity isomorphism ¢ : L ® L =2 L ® L which must square to the identity; this yields a
map Pic — g where g = Gestx (Q[z]/(z% — 1)) is the group of second roots of unity. In fact, this
is isomorphic to Z/2 (as we inverted 2).

ProposiTION 8.3. The natural maps
/Gy, — Pic — g
yield a fibre sequence of sheaves of spectra on Gestalten over Gest(D(Q)).

PROOF. The example of the invertible object Q[1] € D(Q) shows that the map Pic — pus is
surjective. We need to see that any L € A]* for which the commutativity isomorphism ¢ : L ® L =
L ® L is the identity is locally trivial. Note that in this case the action of ¥,, on L®" is (uniquely)
trivial, for all n > 1. Indeed, this action is given by a map %, — Aut(L®") = Aut(1) = AJ. But
A{ is a connective Eq-group in anima all of whose m; for ¢ > 0 are Q-vector spaces (as Ao refines
to a commutative algebra in D>o(Q)). It then follows that as the map X,, — mo(Ay) is trivial (as
it is trivial on transpositions by assumption), the map 3, — A is (uniquely) trivial.

It follows that we can form the graded algebra

B =P L% € CAlg(4)
ne”

Then L ®4, B = B in Modp (A1), so the line bundle becomes trivial after base change along
Gest(B) — Gest(A). (Here Gest(B) denotes the 0-affine Gestalt over Gest(A) associated to B.)
Moreover, Gest(B) — Gest(A) is a cover as the map 1 — B splits in Ay, cf. Proposition (i).
This shows that the map

* — fib(Pic — p2)

is surjective.
On the other hand, it is clear that % xp;. * classifies automorphisms of the trivial line bundle,
which is G;,. Thus, the image of * — fib(Pic — p2) is */Gy,. O

We note that moPic(D(Q)) = Z, given by shifts Q[n] for various n € Z. However, the proof shows
that for even n, these classes are locally trivial in Gestalten. To trivialize them, one has to pass to
the periodic Euo-rings @,,c7 Q[nm]. Only if n is even this has a commutative multiplication.

We will later study higher versions of this story, comparing B"G,, and the moduli space of
invertible objects of A,. In the terminology used in the literature on this subject, this studies
“invertible topological quantum field theories”; these are expected to be classified by a spectrum
that is essentially an Anderson dual of the sphere. In this optic, the puo above should be seen as the
dual of the first stable homotopy group of spheres 7S = Z/2. We will in fact see that this moduli
space of invertible objects in the A, defines a sheaf of spectra on Gestalten that is an internal
Anderson dual of the sphere, proving a precise version of this expectation.

8.10. De Rham stacks. Let k be a field of characteristic 0 and let X be an algebraic variety
over k, considered as a Gestalt over Gest(D(k)). Recall that the de Rham stack Xgg is the
stackification of the functor taking a k-algebra R to X (Ryed)-



70 GEOMETRY AND HIGHER CATEGORY THEORY

PROPOSITION 8.4. The map X — Xgr identifies Xqr as the O-truncation Xqr = mX in
Gestalten.

PROOF. Recall that any nilpotent immersion Spec(R) — Spec(S) yields a descendable map,
cf. [Mat16l Proposition 3.33]. This implies that X — Xgg is surjective, as for any map Spec(S) —
Xgr one can find a nilpotent immersion Spec(R) — Spec(S) which lifts to X. By a similar
reasoning, the map X — (X C X x X)" from X to the formal completion of the diagonal is
surjective. As (X C X x X)" is a sub-Gestalt of X x X, this shows that 79X is the quotient of X
by (X C€ X x X)" C X x X, which is also Xgg. O

A related fact is the following. On Gestalten over D(Q), the functor X — (O(X)/Q)o € D(Q)
defines a sheaf Oy with values in CAlg(D(Q)).

PROPOSITION 8.5. The sheaf Oy on Gest,p(q) is weakly even periodic, i.e. wa;—10q vanishes,
w9;Op 1s an invertible module over moOy = A}ifv and mo; Oy = (772(90)@ as invertible moOy = A(lm—
modules.

PrOOF. Covering Gest(D(Q)) by Gest(D(6D,,c7 Q[2n])), we see that Op becomes locally two-
periodic. It remains to see that 71O is zero. But this follows from Q[z] — Q being descendable,
when x is a generator of homological degree 1 (which hence squares to zero). O
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Appendix to Lecture VIII: Descendability

The goal of this appendix is to understand what it means for a map f : Y = Gest(B) —» X =
Gest(A) to be surjective, and relate it to Mathew’s notion of descendability [Mat16] in practical
situations.

PRrROPOSITION 8.6. Let f : Y — X be an n-suave map of Gestalten. Then the image of f is an
n-suave injection j : U C X.

PROOF. The image of f is the colimit of the Cech nerve of ¥ — X, all of whose terms are
n-suave over X, hence so is the colimit. ]

PROPOSITION 8.7. Let f: Y — X be an injective map of Gestalten, i.e. the diagonal of f is an
isomorphismY xxY =Y.
(i) The map f is n-étale if and only if it is n-suave. In this case, (O(Y)/O(X))}, € O(X)ns1
s a cotdempotent coalgebra, and this induces an equivalence between n-étale injections into
X, and coidempotent coalgebras in O(X)p+1.
(ii) The map f is n-affine if and only if it is n-proper if and only if it is n-prim. In this case,
(O(Y)/O(X)n € O(X)n+1 is an idempotent algebra, and this induces an equivalence
between n-proper injections into X, and idempotent algebras in O(X),41.

ProOOF. As the diagonal of f is an isomorphism, it is clear that n-étale is equivalent to n-
suave. If j : U — X is n-étale injection, then (O(U)/O(X))., € O(X )41 is coidempotent, as its
tensor square in general yields (O(U xx U)/O(X)),,. Conversely, given a coidempotent coalgebra
C € O(X)n+1, the comodules over C define a full subcategory of O(X),,+; for which —®C provides
a symmetric monoidal right adjoint functor; passing to the corresponding Gestalt yields an n-étale
injection giving rise to the given C. As both n-étale injections and coidempotent coalgebras define
partially ordered sets, it remains to see that if (O(U)/O(X)), =1 € O(X)n41, then U = X.
To see this, it is inductively enough to show that (O(U)/O(X)),.; = 1 € O(X)n42. But the
map (O(U)/O(X))},4; — 1 has a right adjoint such that the counit of the adjunction is the map
(O(U)/O(X)),, = 1 in O(X)n41 = Endp(x),,,(1); this implies that (O(U)/O(X)),,, — 1 is
a localization. As (O(U)/O(X)),.1 — 1 is also coidempotent, this implies that it must be an
isomorphism.

The proof of part (ii) is similar, but slightly easier (as the inverse operation is just given by
passing to the Gestalt of the idempotent algebra). O

Using this, we can also describe complements.

PROPOSITION 8.8. Let f : Y — X be an n-étale injection of Gestalten, corresponding to a
coidempotent coalgebra C = (O(Y)/O(X))!, € O(X)py1. Let A = cofib(C — 1) € O(X) 41 be the
associated idempotent algebra. Then the complement of Y in X — i.e., the subfunctor of X of all
maps S — X such that S xx Y =0 — is the n-proper injection g : Z = Gest(A) — X determined
by A.

If f is instead n-proper, then to describe the complement, one has to instead consider it as
n + 1-étale, and apply the proposition one level higher.

PROOF. First recall that if C' is any coidempotent coalgebra, then A = cofib(C — 1) is an
idempotent algebra, as one computes A ® A = cofib(A ® C — A) = A, noting that A ® C' =
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cofib(C ® C'— C') = 0. Unless we are in a stable situation — which can only happen for n =0 —
we can however not go back, and it may happen that A = 0 even if C' — 1 is not an isomorphism.

In any case, a map S — X satisfies Sx xY if and only if the base change of C' to S vanishes. This
implies that S factors over Gest(A), as the map 1 — A = cofib(C' — 1) becomes an isomorphism
after base change to S. Conversely, we saw above that after base change to A, one has AQC = 0. [

DEFINITION 8.9.
(i) An open immersion of Gestalten is a 0-étale injection.
(ii) A closed immersion of Gestalten is a 0-proper injection.

By Proposition [8.8] the complement of an open immersion always yields a closed immersion;
the converse is true when we work over D(S), i.e. in the stable setting.
Now we can characterize surjectivity as follows; this is modelled on [Sch25bl, Proposition 6.19].

PrRoOPOSITION 8.10. Let f: Y — X be an n-suave map of Gestalten. The following conditions
are equivalent.

(i) The map f is surjective.
(ii) The map
colimjepen (O(Y XX MHD) JO(X)), — 1
is an isomorphism in O(X)p41.
(iii) Denoting the coalgebra C = (O(Y)/O(X))}, in O(X)py1, the map
COlim[m}erp comtl 4
is an isomorphism in O(X)p41.

(iv) The pullback functor
O(X)n+1 = O(Y )1

18 conservative.

PrOOF. Parts (ii) and (iii) are equivalent by the Kiinneth formula. Parts (i) and (ii) are
equivalent by Proposition and Proposition (i). Being a cover certainly implies that pullback
is conservative. Conversely, if pullback O(X)p41 — O(Y)n41 is conservative, one can check that
the map in (iii) is an isomorphism after pullback to Y. But then this computes the similar colimit
for Y xx Y — Y, which is clearly a cover as it splits. g

If n = 0 this is easy to check in practice; for higher values of n it becomes more difficult. For
n > 1, one can still say a bit more. Roughly, being a cover is closely related to the functor

a1y Homo(xy, ,, (1, (O(Y) /O(X));,) = O(X)n

generating the target “quickly”. We note that if f is (n—1)-proper, then Homp ), ., (1, (O(Y)]O(X)h)
can be identified with O(Y'),, and the displayed functor is identified with

o146 : O ) = O(X)s.
PrOPOSITION 8.11. Let f: Y — X be an n-suave map of Gestalten with n > 1.

(i) Consider the map
colitnpje s Homo ), (1, (O(Y *X(™9) /O(X)),) = O(X),
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of presentable (0o, 1)-categories. If 1 € O(X),, is a retract of an object in the image of
this functor, then f is surjective. In particular, if 1 € O(X), is a retract of an object in
the image of

fnfl,! : HomO(X)n+1(17 (O(Y)/O(X));l) - O(X)7H

then f is surjective.
(ii) Conwversely, assume that X is n-prim, or just that nPr — O(X),1 has a colimit-preserving
right adjoint. Then if f is surjective, the map

colimpjeaer Homox), ., (1, (O(Y X)) /O(X));,) = O(X),,
is an equivalence of presentable (oo, 1)-categories, and the image of

a1y HomO(X)n+1(]" (O(Y)/O(X));L) — O(X)x

generates the target under small colimits; more precisely, any object in O(X), is a geo-
metric realization of a simplicial object taking values in objects in the image of fr—1).

QUESTION 8.12. In part (i), can the condition of being a retract of an object in the image be
weakened to the condition of being a geometric realization (or a sifted colimit) of objects in the
image? We note that one cannot allow arbitrary colimits, as the example of X with O(X); stable,
and Y = U U Z for an open immersion j : U C X with closed complement i : Z C X shows — this
is not a cover, yet 1 € O(X); is a colimit of ji1 and i,1.

PROOF. Let us first prove (ii) which is the easy part. Namely, the colimit-preserving right
adjoint is Homp(x), ,, (1, —), so the first assertion comes from Proposition Then any M €
O(X),, can be written as the geometric realization of the composites

O(X)n = Homoyx),, ., (1, (O(Y**"1) JO(X));,) = O(X)n

n+1
where the first map is the right adjoint to the second map (which exists on the level of (oo, 1)-
categories). This is a geometric realization of a simplicial object taking values in objects in the
image of f,_1,.

For part (i), assume that 1 € O(X), is a retract of an object in the image. Letting

C = colimyyjepon (O(Y X ™1) JO(X);, € O(X )i

be the coidempotent coalgebra describing the image of f, we see in particular that 1 € O(X),, is a
retract of an object in the image of

1,1) = O(X)n.

In particular, there is a map G : 1 — C such that, denoting F' : C' — 1 the counit of C, the
identity endomorphism of 1 € O(X),+1 is a retract of GF. By Lemma below applied to
C = O(X)p+1, this implies that 1 € O(X)p41 lies in the 1Pr-linear subcategory of C-comodules,
hence the category of C-comodules is all of O(X)y+1, which means that f is a cover. O

Homp(x), (C,1) — HomO(X)nH(

For the proof, we used the following lemma about 2-retracts. This is a special case of a notion
of higher retracts, termed “condensations” by Gaiotto—Johnson-Freyd [GJF25H§|

23The reader is extremely encouraged to open their paper in order to appreciate a wildly different perspective
on the kind of higher-categorical concepts that are also studied in these lectures.
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LEMMA 8.13. Let C be a presentable (00, 2)-category. Let X, Y € C and assume that there are
maps F:Y — X, G: X =Y such that idy is a retract of GF in Endc(Y'). Then Y lies in the
1Pr-linear subcategory of C generated by X.

PRrROOF. We can replace C by the 1Pr-linear category that is atomically generated by X and
Y. Let i : Cx C C be the subcategory generated by X. The inclusion ¢ admits a 1Pr-linear right
adjoint if*; let Y/ = if(Y)). Then by applying i?, the object Y’ carries all the structure that Y
carries — there are maps I/ : Y/ — X, G’ : X — Y’ so that idy- is a retract of G'F’. Moreover,
there is a comparison map H : Y’ — X (where we abusively denote by Y’ also its image i(Y”) € C)
that is compatible with this extra structure. Our goal is to show that H is an isomorphism.

By Yoneda, we can now reduce to C = 1Pr. We need to see that H : Y/ — Y is an equivalence.
As any object of Y is a retract of an object in the image of H (as idy is a retract of GF', and
G = HG' factors over Y'), it suffices to prove fully faithfulness. Moreover, it is enough to prove
fully faithfulness on the image of G’ : X — Y’. Thus, let z1,z9 € X. We want to show that the
map

Homy (G'(x1), G'(x2)) — Homy (G(z1), G(z2))

is an isomorphism. But Homy (G(z1), G(x2)) is a retract of Homx (FG(z1), FG(x2)) — indeed, by
applying F' there is a map from the source to the target, and by applying G we can go back to
Homy (GFG(z1), GFG(x2)), from where we can project back to Homy (G(z1), G(x2)) by using that
G(z;) is a retract of GFG(x;). This description also applies analogously to Homy (G’ (z1), G'(x2)),
writing it as a retract of Homx (F'G'(x1), F'G'(x2)). But F'G' = F@G, so this shows that Homy (G’ (z1), G'(z2))
and Homy (G(x1), G(x2)) are both given by the same retract of Homx (FG(x1), FG(x2)). O

As one application, we have the following general surjectivity result for prim maps.

COROLLARY 8.14. Let f: Y — X be a map of Gestalten that is n-prim, and eventually suave,
i.e. m-suave for some sufficiently large m. Then the map

Y = Gestx ((O(Y)/O(X))n)

from'Y to its n-affine truncation is surjective.
In particular, f is surjective if and only if the n-affine map

Gestx ((O(Y)/O(X))y) = X
18 surjective.

PROOF. Assume first that we can take m = n+2. By shifting, we can assume n = 0. We can also
replace X by Gestx((O(Y)/O(X)),) and assume (O(X)/O(Y)),, = 1. After these replacements
f:Y — X is a O-prim and 2-suave map, and fy.1 = 1, and we want to show that f is surjective.
Note that as f is both 2-prim and 2-suave, (O(Y)/O(X))} € O(X)s is dualizable (by Lemma
with dual (O(Y)/O(X))2. Moreover, as f is 1-prim, the unit map 1 — (O(Y)/O(X))2 has a right

adjoint in O(X)s, and hence the counit map (O(Y)/O(X)), 1 has a left adjoint in O(X)s.
Moreover, the composite

1 (0(V)/0(x))y 2451
agrees with the composite

155 (o) /o(x)), 251
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obtained by dualizing, and this is given by tensoring with fi.1. But f1,1 € O(X), admits 1 as a
retract: Indeed, we have the unit map 1 — f1.1, which has a right adjoint, and the composite map
1 — fi1«l — 1 is given by tensoring with fp.1 = 1. It follows that 1 € O(X)s is a retract of an
object in the image of

fi: Homox), (1, (O(Y)/O(X))3) = O(X)2,

so Proposition (i) shows that f is surjective.
For general m (without loss of generality m > n + 1), let Y3, = Gestx ((O(Y)/O(X))x) be the
k-affine truncation for k =n,...,m — 2. We claim that all maps

Y=Yy, o—...=>Y =Y

are surjective. For the first map Y — Y,,,_o, this follows from the case already established. But now
g:Ym_o — X is m — 2-affine and n-prim (as for k¥ < m — 2 the map 1 — g1 agrees with the map
1 — fg«1, while for £ > m — 2 it has a right adjoint as g is m — 2-affine), and hence m — 1-suave.
Thus, we can apply the case already established to show that Y, o — Y,,_3 is surjective, and
induct. 0

Now we can also relate surjectivity to the notion of descendability of Mathew [Mat16]. This
corollary is closely related to [Sch25b), Proposition 6.20].

COROLLARY 8.15. Let f: Y — X be a 0-prim and eventually suave map of Gestalten. Assume
that O(X)1 is stable, and fo.(1) € O(X): is descendable. Then f is surjective.

Proor. By Corollary we can assume that Y is O-affine. In particular, it is O-proper, and
we can identify (O(Y)/O(X))} = (O(Y)/O(X))1, and similarly for finite products of Y over X.
Thus, for any finite m, the functor

colimyer Homp(x), (1, (O(Y X *TD)/O(X))}) = colimper (O(Y*X*F1)/O(X)); — O(X),

has a left adjoint; the unit of the adjunction is the finite limit of the units of the adjunctions at the

individual levels. (We use here that finite limits are also finite colimits in stable (0o, 1)-categories.)

Thus, evaluated at 1 € O(X);, this unit is the map
1= limper fo.(1)%%F

By descendability of fo.(1), there is some m for which this map admits a retract. Now Proposi-
tion (i) ensures that f is surjective. O

In particular, in the following situation, we get a clean statement.

COROLLARY 8.16. Let X be a 0-prim Gestalt with O(X)y stable. Let f : Y — X be 0-prim and
eventually suave. Then f is surjective if and only if fo (1) € O(X); is descendable.

ProOOF. By Corollary [8.14], we can assume that f is O-affine. In one direction, this follows from
Corollary In the converse direction, this follows from Proposition (ii). Indeed, the image
of fo« is contained in fy .(1)-modules, and so if X is O-prim and hence 1 € O(X); is compact, then
the unit is a finite colimit of fy .(1)-modules, which implies that fy.(1) is descendable. O
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9. Lecture IX: Six Functors and Gestalten

How does one construct interesting examples of Gestalten? In the examples we saw so far
we mostly started from commutative algebras (in simple symmetric monoidal base categories, like
D(S) or D(k)), defining 0-affine Gestalten, and then built more general ones by gluing, i.e. taking
colimits.

As a particular example, note that this can be used to define a functor from light condensed
anima to Gestalten over D(S). Namely, any light profinite set S = lim;S; can be sent to

GeStGest(D(S))(Cont(Sa S)) = lim;(S; x Gest(D(S))).

(This could of course already be defined over the absolute base Gest(Ani). For the following
proposition, it is important to work stably.) By Theorem this takes hypercovers to colimits in
Gestalten, so we see that the functor

ProFin'eht — Gest(/)é’“gst( D(S))
extends to a countable colimit and finite-limit-preserving functor
CondAni'eht-™ Gest}'égst( D(S)):
As an important example, we can identify the internal real number object.

PROPOSITION 9.1. The internal real number object of Cauchy reals in Gest qest(p(s)) 5 given

light

by the image of the real numbers R € CondAni and is 1-affine, equal to

Gest(Shv(R, D(S))).

PROOF. It is clear that the internal construction of light profinite sets yields the functor
ProFin!8" — Gest used above. Moreover, R € CondAni8" gets sent to Gest(Shv(R, D(S))),
using descendability of f.S for a locally finite cover f : C'— R of R by a disjoint union of Cantor
sets

Now let Cauchy be the internal object of Cauchy sequences of rational numbers, with fixed
convergence; i.e. sequences (z1, 2, ...) of rational numbers with |z; —2;| < 1/min(z, j) for all i and
j. This is closed inside [[ Q, and the latter is 1-affine as a countable limit of 1-affine Gestalten.
In fact, it is precisely the Gestalt corresponding to the category of D(S)-valued sheaves on the
topological space of Cauchy sequences. Using this, one can construct a map

Cauchy — Gest(Shv(R, D(S))).

This is surjective, as the map f : C — R used above factors over Cauchy. Moreover, the preimage
of 0 € R is precisely the internal object Null C Cauchy of nullsequences (automatically with fixed
convergence, |z;| < 1/i). Thus, the map

Cauchy /Null — Gest(Shv(R, D(S)))

is an isomorphism, as desired. ]

REMARK 9.2. Of course, the internal real numbers object can also be defined over the absolute
base. The proof shows that it is given by the image in Gestalten of
Gest(Shv(Cauchy, Ani)) — Gest(Shv(R, Ani)),

24T his can be checked most cleanly using a descendability criterion for sheaves due to Clausen, [Cla25| Theorem
6.21].
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where here Cauchy denotes the topological space of Cauchy sequences with fixed convergence. We
do not know whether this map is surjective before passing to D(S). In the absence of surjectivity,
the image is a priori only given by a 2-étale injection into Gest(Shv(RR, Ani)), hence might only be
3-affine.

One can build more general examples by taking more general presentable symmetric monoidal
(00, 1)-categories. Let us mention two specific examples, already mentioned in the introductory
lecture.

(i) Almost rings yield examples, thus incorporating “almost mathematics”. A related ex-
ample is Tamarkin’s category W of completely and continuously R-filtered S-modules,
cf. [Sch25c]. As shown there, the map

Gest(W) — Gest(D(S))

is an Rsg-torsor (where Rsg = Gest(Shv(Rs, D(S))) denotes the internal positive real
number object), where R~ acts on W by multiplicatively rescaling the filtration. In other
words, working over Gest(D(S)), there is a nontrivial map

* — */R>0
showing that the base point has highly nontrivial internal structure.

(ii) Analytic rings yield examples. In fact, any analytic ring A = (A%, D(A)) consisting of a
light condensed ring A~ and a certain subcategory D(A) C D(A”) of “complete” modules
defines a symmetric monoidal localization D(A”) — D(A). This yields a functor

AnRing — StRing : A — (D(A),1Prp(a),2Prp(ay,- - -)-
Moreover, analytic stacks are defined precisely as to ensure that this extends to a functor
AnStack™ — Gest.
In general, these are only colimits of 1-affine Gestalten, thus only 2-étale. In practice, fixing
some base analytic ring A, the stacks considered are however 1-étale over Gest(D(A)).

How can one give interesting examples of Gestalten that go beyond colimits of 1-affines? It
turns out that a natural source are six-functor formalisms.
Namely, say C is a small (0o, 1)-category with finite limits, and

D : Corr — 1Pr

is a lax symmetric monoidal functor, i.e. an Xj-presentable six-functor formalism. Associated to D,
there is an interesting symmetric monoidal (oo, 2)-category Kp of kernels. This is usually described
as follows: The objects are the objects of C, and for X,Y € (', one has

Homy, (X,Y) = D(X x Y).
Composition is then given by convolution: For M € D(X xY) and N € D(Y x Z), their composition
is given by
m131 (oM @ w53 N )
where 7;; are the various projections from X x Y x Z. The identity 1 € Hompg , (X, X) is given by
Axi1 for the diagonal Ay : X — X x X.

A precise construction is usually given by using the theory of enriched (oo, 1)-categories, and in
particular the notion of transfer of enrichment. Namely, Corr(C) is a closed symmetric monoidal
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(00, 1)-category (with internal Hom from X to Y also given by X X Y) and hence enriched in
itself. One can then transfer enrichment along the lax symmetric monoidal functor D to get an
enrichment of Corr(C) in 1Pr, or just (large) Cats. Defining (oo, 2)-categories as being (oo, 1)-
categories enriched in (oo, 1)-categories, this yields the desired (oo, 2)-category.

However, there is a second construction that works directly within the world of presentable
(00, 2)-categories that we use here, and I find it even simpler. Namely, consider the free symmetric
monoidal presentable (oo, 2)-category on Corr(C)°P. By Yoneda, this is

Fun(Corr(C), Ani) ®ani 1Pr = Fun(Corr(C), 1Pr).

By its definition, this is naturally symmetric monoidal; the symmetric monoidal structure is given
by Day convolution. Now recall that in the Day convolution symmetric monoidal structure, the
commutative algebra objects are precisely the lax symmetric monoidal functors. Thus,

D € CAlg(Fun(Corr(C), 1Pr))
and we can pass to modules over D,
Kp := ModpFun(Corr(C), 1Pr).
This comes with a symmetric monoidal functor from Corr(C)°P, as the composite
Corr(C)? = Fun(Corr(C), 1Pr) - ModpFun(Corr(C), 1Pr) = Kp.

We denote this by X — [X]x,. This is a free construction so it is easy to map out of; explicitly,
for any X € Corr(C)°® and M € Kp, one has Homg, ([X]x,, M) = M(X). In particular, as the
unit object of Kp is given by D itself, we have

HomKD([X]KD’ 1) = D(X)
As all objects of Corr(C) are canonically selfdual, one gets that in general
Hompg, ([X]xp, [Y]kp) = D(X X Y)

and one recovers the naive recipe above. Identifying enriched (oo, 1)-categories with marked pre-
sentable module categories, the two constructions agree; this is due to Dauser, and the argument
is recorded in [Aok25b].

Thus, starting from D we have constructed

Kp € CAlg(2Pr),

giving an interesting example of a presentable symmetric monoidal (oo, 2)-category. In fact, if one
would set oneself the task of constructing such an object, one would end up to something close
to the above: Namely, one would start with some generating small (oo, 1)-category C' of objects,
endowed with some symmetric monoidal structure. Afterwards, one can pass to modules over some
commutative algebra in there. Proceeding in this way, one can define all the examples where the
unit is 1Pr-atomic and which are generated by 1-dualizable objects — one can then take C to be
the 1-dualizable objects.
When the categorical Kiinneth formula holds, the resulting Kp turns out to be “boring”:

ProposITION 9.3. The natural map
MOdD(*)(lpr) — Kp
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(adjoint to D(x) = Endg, (1)) is fully faithful. An object M € Kp lies in the essential image if
and only if for all X € C' the natural map
D(X) ®@pu) M(x) — M(X)

s an isomorphism.
In particular, Kp = Modp(,)(1Pr) if and only if for all X, Y € C the functor
D(X) ®@pu) DY) = D(X xY)
s an isomorphism.
Objects in the essential image of
Mod p ) (1Pr) — Kp
are also known as “restricted” in the geometric Langlands literature, cf. e.g. [Gai25] 2.1.5].

PROOF. From its construction, the unit 1 € Kp is 1Pr-atomic (as this property is stable under
passing to module categories, and true for generating objects of free 1Pr-linear categories); this
implies that the right adjoint Kp — Modp,)(1Pr) is 1Pr-linear, and hence even Mod p(,(1Pr)-
linear. As it is fully faithful on the unit, it follows that Modp(1Pr) — Kp is fully faithful.
Moreover, evaluating the counit of the adjunction on M € Kp, one gets the transformation
D(X) ®@py M(x) — M(X) of functors Corr(C) — 1Pr, so M € Kp lies in the image if and
only if this map is an isomorphism for all X € C. d

For any X € C, we can repeat the above construction with the slice C, x, defining
Kp x = ModpFun(Corr(C)x), 1Pr) € CAlg(2Pr).

We note here that the pullback functor Corr(C) — Corr(C,x) induces, by passing to free pre-
sentable (0o, 2)-categories, a symmetric monoidal functor

Fun(Corr(C), 1Pr) — Fun(Corr(C/x ), 1Pr)

and this takes D to D|c, ; in fact, this functor takes any F' to Flc, , as Corr(C) — Corr(C)x) has
a left adjoint taking Y € C/x to the underlying object Y € C. By this base-change compatibility
of D, there is only one sense of “passing to modules over D”.
For any map f : ¥ — X in C, the pullback functor f*: C,x — C)y induces a symmetric

monoidal functor

fi+Kpx — Kpy,
so this assembles into a functor

C°P? — CAlg(2Pr).

PROPOSITION 9.4. For any map f:Y — X, the functor
fi Kpx — Kpy
admits isomorphic left and right adjoints fiy = f1., whose formation commutes with base change.

ProOF. The pullback functor Corr(C,x) — Corr(C/y) admits a simultaneous left and right
adjoint induced by the forgetful functor C/y» — C)x. This passes through the whole construction,
using that “passing to modules over D” is compatible with base change as noted above. O
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Thus, we get a functor C' — Gest taking X € C to the 2-affine Gestalt Gest(Kp x). Being
2-affine, all maps are 2-proper, but in fact also 1-prim by the previous proposition. We would
also like to say that they are l-suave, but the existence of left adjoints for the pullback map
Modg,,  (2Pr) — Modf,, , (2Pr) is not clear. In fact, we would like to say that everything is
1-proper and 1-étale, by applying the proposition also to diagonals. However, the Kiinneth formula
may fail.

For this reason, we repeat the constructions, to define also presentable symmetric monoidal
(00, n)-categories for all n > 2. Namely, note that

C® — CAlg(ZPI‘) X = KD,X

admits left adjoints for all maps, satisfying base change, and hence upgrades to a six-functor
formalism

Corr(C') — 2Pr = Mod;p,(1Pr) — 1Pr

We can then repeat the constructions above with this once-categorified sheaf theory, and iterate;
this defines a Stefanich ringiﬁ

Ap = (D(x),Kp,...).
In fact, we can also repeat the construction for any slice Cx, yielding a Stefanich ring
Apx = (D(X),Kpx,-..)
functorial in X, so a functor
C°P — StRing.
Everything is now well-behaved:
ProrosITION 9.5. The functor
C— GeSt/Gest(AD) X = [X]D = GeSt(AD7x)

commutes with finite limits. For any map f:Y — X in C, the corresponding map [f]p : [Y]p —
[X]p is 1-étale and 1-proper, and comes with an isomorphism fi3 = fi. between left and right
adjoints to pullback

fi:Kpx— Kpy-.
The composite
_ O(—
cor 12, qestor 20 qalg(1pr)

recovers the original functor D.

In the theory of six functors, there is a general heuristic idea that often, six-functor formalisms
can be written as a composite of a “transmutation” functor from C' into some category of geometric
objects like stacks, together with the functor of taking quasicoherent sheaves. This proposition says

that this is always possible, and in fact completely canonical, when taking Gestalten as the notion
of geometric objects.

25This construction is originally due to Stefanich, [Ste25al.
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PRrROOF. First, for any map f : ¥ — X in C, the map [f]p : [Y]p — [X]p is 1-prim and
1-suave, as at each categorical level Proposition applies. (The extra condition in being n-
suave is automatic by Lemma ) This argument also gives the identification of left and right
adjoints. For the rest, it is sufficient to prove commutation with finite limits as this will then prove
1-properness and 1-étaleness by passing to diagonals. It suffices to prove commutation with fibre
products; passing to slices, it suffices to prove commutation with binary products. But this follows
from the Kiinneth formula for lower-+ — here we use that the formation of these (left and) right
adjoints commutes with base change in C', which ensures that for each n,

C°? — CAlg(nPr) : X — O(Ap x)n
defines a six-functor formalism with respect to the right adjoints. 0

REMARK 9.6. Under this transmutation C' — Gest : X — [X]p, notions from six-functor
formalisms correspond to notions for Gestalten. More precisely, let f : Y — X be a map in C.
Then:

(1) The map f is suave if and only if [f]p is 0-suave.

(2) The map f is prim if and only if [f]p is O-prim.

(3) The map f is cohomologically étale if and only if f is truncated and [f]p is 0-étale.

(4) The map f is cohomologically proper if and only if f is truncated and [f]p is O-proper.

(We see that it might have been better to define “cohomologically étale” and “cohomologically
proper” in a different way, not asking for truncatedness.) All statements follow directly from the
definitions.

The extension to stacks is now also automatic. In fact, recall that in [Sch25bl Definition 5.3],
a Grothendieck topology on C'is introduced, called the D-topology.

PROPOSITION 9.7. Assume that {f; : Y; — X} satisfy universal !-descent, i.e. after any pullback
X' — X in C, the upper-!-functor

D(X") = limy | [[DVi xx X') = [[D(Yi xx ¥j xx X')...
i i
is an equivalence. Then | |;[filp : |L;[Yi]lp — [X]p is a cover, i.e. effective epimorphism, in Gestal-

ten.

PROOF. We can assume that X is the final object of C. Assume first that I is countable; we
will argue later that we can reduce to this case. Then as all [f;]p, and hence their disjoint union,
is 1-étale, we need to check that the natural map

colimy | ... | |[Vi xx Yjlkp = | |Vilkp | = [Hxp =1
irj i
in Kp = O([*|p)2 is an isomorphism, cf. Proposition But as Kp is 1Pr-atomically generated

by the [X']|k, for X’ € C, this is equivalent to checking this on maps from those X’; and this yields
the !-descent condition.
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In general, even if I is not countable, the same argument shows that the map

colimy | ... | |[Vi xx Yjlkp = | |Yilkp | = [k, =1

i,J i
in Kp is an isomorphism. But 1 € Kp is countably compact, so it follows that this already happens
for some countable subset I’ C I, reducing us to the countable case. ([l

In particular, we get the following corollary.
COROLLARY 9.8. The functor C' — Gest 1), : X = [X]p extends to a functor
Shvp(C)™ — Gestjisf + X = [X]p
that commutes with countable colimits and finite limits.

Thus, in thinking and defining the D-topology corresponding to a six-functor formalism, one
was actually secretly already seeing the canonical topology on Gestalten.

A natural question arises here, whether one can in fact recover the full six-functor formalism,
including the !-functors, from the transmutation into Gestalten — what is certainly true is that
the pullback and tensor functorialities arise as

Shvp(C)RoP 12y Gegror QO alg(1Py).
We will take up this question in the appendix, discussing how one can define a class of -able maps
of Gestalten, and a six-functor formalism there. The results will not be definitive, however.

Let us end this lecture by explaining some results of Aoki [Aok25b]. For this, we specialize to
the case that C is the (1, 1)-category of separated schemes of finite type over Z. In this context, one
usually studies six-functor formalisms like étale cohomology or Betti cohomology taking values in
stable (0o, 1)-categories, and satisfy excision, Al-invariance, etc. . By a theorem of Drew-Gallauer
[IDG22|, there is in fact an initial such six-functor formalism, namely Morel-Voevodsky’s SH.
Applying the constructions above, we get a Gestalt

[Spec(Z)]sn € Gest,
and a transmutation functor
C — Gestigpec(z)sy * X H [ X]sH,
extending also to stacks. The following result was first observed in [Sch24].
PROPOSITION 9.9. The Gestalt [Spec(Z)|su is 2-affine, hence
[Spec(Z)]su = Gest(Kgp).

Moreover, Ksy is generated, as a presentable (00,2)-category, by the objects [A%] kg, n > 0.
For any X € C, the map
[X]su — [Spec(Z)]su
1s 1-affine.



9. LECTURE IX: SIX FUNCTORS AND GESTALTEN 83

PROOF. It suffices to see that for all X € C, denoting f : [X]sy — [Spec(Z)]|sy the projection,
the natural map
KSH,X — MOdfl*lKSH

is an equivalence. Indeed, this implies that Proposition [9.3| applies to the six-functor formalism
X — Kgpu x to show that its next category of kernels is simply given by passing to modules, and
then this property will inductively pass to all higher levels.

To prove this, it is enough to prove that the image of Ksy — Ksu, x generates the target as
a presentable (0o, 2)-category. For this, we prove that for any X, the objects [A%]kgy , generate
Ksn, x. By its definition, the objects [Y]KSH,X for Y € C)x generate. Covering Y by affines, we
can assume that Y is affine. But then Y admits a closed immersion into A%, for some n (using
that X is separated), and for a closed immersion i : Y < A, one has that [Y]xgy,  is a retract of

[A% Koy x Via ix and 7. O

In particular, while SH(Spec(Z)) requires all smooth Z-schemes as generators (or at least a
large class of them), one categorical level higher, just the affine spaces A™ suffice.

Recall that six-functor formalisms are also often encoded in ring stacks. In the present language,
it is better to say “Ringgestalten”, and in fact

[Az]sn
is a Ringgestalt over [Spec(Z)]sg — indeed, the ring structure of A} transmutes, under the finite-
limit preserving functor X — [X]gsp, to a ring structure on [Al]sy. Also note that, again by being
finite-limits preserving, this is automatically a O-truncated object in Gest[spec(z))sys and hence a
“static” ring.

From the previous proposition, it is easy to deduce that [Spec(Z)]smy, equipped with the
Ringgestalt [A%]SH, injects into the moduli space of Ringgestalten, thus giving a precise sense
in which the whole theory of motives comes from Ringgestalten. Aoki [Aok25b] proves a more
precise result. In its formulation, we use the six-functor formalism on Gestalten defined in the
appendix to this lecture.

THEOREM 9.10. The Gestalt [Spec(Z)|su is the moduli-Gestalt over Gest(D(S)) taking a Gestalt
S to the anima of Ringgestalten
R € CRing(Gest/g)

satisfying:
(1) The Gestalt R over S is 1-affine, 0-suave with invertible dualizing complex (i.e., “coho-
mologically smooth”), and homologically contractible.
(2) The map i: {0} — R is a closed immersion, the map j : R* — R is an open immersion,
and together they form a stratification of R, i.e. are each other’s complements in R.

REMARK 9.11. The condition that ¢ is a closed immersion implies in particular that it is
injective; this implies that the diagonal of R is an injection, and hence R is O-truncated. It also
implies that the diagonal of R is 0-affine and in particular 1-étale; together with the condition of
being 0O-suave, this implies that R is 1-étale. As it is also l-affine, it is 1-proper and 1-étale, as
well as truncated; thus it is !-able in the sense of the appendix. Thus, the dualizing complex is
well-defined, which is then used in (1).

The condition of being homologically contractible is just the condition that fopz1 — 1 is an
isomorphism, where f : R — S is the projection; equivalently, fJ is fully faithful.
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Recall that a longstanding dream of mine, cf. [Sch18], is that there is a “theory of shtukas
over Spec(Z)”. This should roughly take the following form. For any scheme S (or, probably, some
more general class of spaces), there is an associated geometric object “S x Spec(Z)”. This should
extend the constructions of [SW20] which to a perfectoid space S of characteristic p associate an
object “S x Spa(Zy)”, an incarnation of the Fargues-Fontaine curve. In the p-adic case, this comes
with a Frobenius lift ¢,; following Deninger, a reasonable analogue for S x Spec(Z) would be the
existence of a R>j-action (which when evaluated on p € R>; is the Frobenius lift ¢,); here, we are
implicitly modifying the p-adic part of the picture from “S x Spa(Z,)” to

(S x Spa(Zy,)” x Rxq)/(pp x p~ ).

(Similar modifications arise quite naturally in the study of analytic syntomifications.)

A Spec(Z)-shtuka should then be a vector bundle on “S x Spec(Z)” suitably equivariant with
respect to the R>j-action, possibly with some zeroes/poles. One basic expectation, extrapolated
from the close relation between prismatic cohomology and p-adic shtukas, is that

“The universal cohomology theory for algebraic varieties takes values in Spec(Z)-shtukas”
which should concretely mean that there is a functor from motives over S to quasicoherent sheaves
on “S x Spec(Z)”.

Now note that the functor S +— [S]sg satisfies some of the basic desirata for the association
S — “S x Spec(Z)”! Namely, Gestalten form a class of geometric objects (as they form a topos)
and come with a notion of quasicoherent sheaves (by taking X to O(X); € CAlg(1Pr)), so that in
fact motives, in the form of SH(S), are precisely quasicoherent sheaves on [S]gp.

However, I would also want “S x Spec(Z)” to be a “nice” geometric object. In the present
formalism, this translates into the question about the nature of the Gestalt [S]sy. The map
[S]sa — [Spec(Z)]sy is in fact nice as its properties come via transmutation from those of S over
Spec(Z). However, the base [Spec(Z)]sh is not nice, geometrically; one can check that while it is
1-proper, it is not 1-étale over Gest(D(S)). (Otherwise, for f : [Spec(Z)|su — Gest(D(S)), one has
an isomorphism fi3 = fi., but fiy takes any [X] g, to the dual of the compactly generated SH(X),
and this is not functorially equivalent to SH(X).)

The key issue is that while for any X, SH(X) is compactly generated and hence dualizable, and
also selfdual, using Poincaré duality on the compact objects (which are the constructible complexes),
the selfduality is not the one coming from the natural pairing

SH(X) ® SH(X) 2 SH(X) — SH(Spec(Z)).

In the formalism of Betti sheaves, things are better. More generally, working with Berkovich
motives [Sch25al, things are better — here, we take C' to be the category of Berkovich spaces “of
finite type” over Z (say, closed in a polyannulus over Z). For any X € C, a theorem of [Sch25al
shows that the category of Berkovich motives Dyt (X) € CAlg(1Pr) is 1-rigid, and in particular,
selfdual with respect to the natural pairingm In fact, Aoki provesé

THEOREM 9.12. Let [M(Z)|erk over Gest(D(Z)) denote the Gestalt corresponding to the siz-
functor formalism from [Sch25al restricted to the finite-type objects C' above. Then

261 ike Betti sheaves, it is however not compactly generated! Namely, it is closely related to sheaves on the
compact Hausdorff space underlying the Berkovich space.
27He even considers the situation with D(S)-coefficients.
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(1) It is the moduli-Gestalt parametrizing, over a Gestalt S, Ringgestalten
R € CRing(Gestg)

satisfying the conditions from Theorem as well as the condition that the Kummer
and Artin—Schreier maps
1yx =P 11x r—x—1P
R[;]* == R[}]",R/p ——— R/p
are surjective for all primes p; and equipped with a norm map

N:R—)RZO

(where R>o € Gest,g denotes the internal nonnegative real numbers object) which is mul-
tiplicative and satisfies the triangle inequality, with the disk N—1([0,1]) having trivial co-
homology, and N=1(0) = {0} C R.

(2) Up to an issue at the prime 2, the Gestalt [M(Z)|perx — Gest(D(Z)) is 0-proper. More
precisely, it is 1-étale, its diagonal is O-proper, it is 1-prim, and after base change to Z[%]
it is 0-proper. Similarly, [M(Z[v/=1])|Berx — Gest(D(Z)) is O—proper@

REMARK 9.13. The theory of Berkovich motives has so far only been developed in the étale
setting. Its non-étale version should amount to omitting the Kummer and Artin—Schreier conditions
above. In fact, Aoki shows that in the algebraic setting, the passage from non-étale to étale motives
amounts to enforcing those conditions.

The O-properness in part (2) translates into a “2-rigidity” of the corresponding presentable
symmetric monoidal (0o, 2)-category of kernels. It is probably the first nontrivial example of such
an object.

Thus, [M(Z)|gerk, or more generally [S|gerk for a Berkovich space S, forms a slightly more
“geometric” incarnation of a space like “S x Spec(Z)”. It has the additional feature of admitting
a natural R>q-action: Indeed, one can simply rescale the norm. On the subspace

[M(Fp)]Berk C [M(Z)]Berk

where the universal Ringgestalt R is an Fp-algebra, the action of R>q factors over R>q/ pN. Indeed,
this R itself carries a Frobenius endomorphism F' : R — R which in fact is an isomorphism, but
rescales the norm by a factor of p. In other words, rescaling the norm by a p-th power is naturally
equivalent to the identity functor, via the isomorphism F': R — R.

In summary, in the world of Gestalten, we can define a natural geometric object [M(Z)]|Berk
with a “Frobenius flow” action of R>; ovlog R>0, such that each prime p yields a closed subspace
[M(F})|Berk on which the flow is periodic, with period p € R>1 (i.e., log(p) € R>o).

This still does not realize the dream of shtukas over Spec(Z), but it does seem like a step
forward.

28The only issue here is the infinite cohomological dimension at the prime 2 of Gal(C/R).
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Appendix to Lecture IX: Six Functors on Gestalten

Above, we had seen that for any six-functor formalism D on a small (oo, 1)-category C' with
finite limits, maps f in C yield maps of Gestalten that are 1-étale and 1-proper, and moreover come
with an identification fi; = fi.. This, in fact, yields !-functors: Namely, we get the counit map

fufi = fufi —id
which, when evaluated at the unit, yields a map
Jor : (O(Y)/O(X))1 — 1

in O(X)s. (Said differently, the identification fi; = fi. yields an identification (O(Y)/O(X))} =
(O(Y)/O(X))1, along which one can transfer fq.) Taking Hompx),(1, —), this yields in particular
a map

foy : O(Y)1 — O(X)1.
This suggests the following definition.

DEFINITION 9.14. A map f : Y — X of Gestalten is quasi-!l-able if f is 1-étale and 1-proper.
The map f is l-able if it is quasi-!-able and some iterated diagonal of f is O-proper. The map f is
co-l-able if it is quasi-!-able and some iterated diagonal of f is 0-étale.

Recall that if functors admit both left and right adjoints, it is important to also control their
interaction in terms of double Beck—Chevalley transformations. This is ensured by the following
proposition.

ProrosITION 9.15. Consider a cartesian diagram

!’

Y —= X'
1
g g
f
Y —X
of Gestalten, and assume that f is n-suave while g is n-prim. Then the double Beck—Chevalley map
fnjigqlq* - gn*f;m

of maps from O(Y")p4+1 to O(X)ny1 is an isomorphism. In fact, it is even an isomorphism of maps
from hpi141 to 1 in O(X)pqa.

PRrOOF. First, we claim that there is a natural transformation

fnji .
fn+1,*f;+1 —id

in End(O(X)p+2). If f is n-étale, so that fy,41 is linear, this just obtained from fy, 11 .1 —fiu—> 1in
O(X)n+2 by letting O(X),+2 act on itself. In general, one first has a natural transformation

. fn! *
id = foy1fna

in End(O(X)n+2), by the similar argument, and then passes to right adjoints.
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Now consider the natural morphism 1 — g,41+1 in O(X)ny2. Applying fui1+f5, to it, this
becomes fy11,+1 — hni1+1, and the existence of f,3 amounts to the commutative square

fn+1,*1 —_— hn+1,*1

f'nﬁi ;ijl

1> a1l

expressing the base change compatibility of f;.

On the other hand, we can also apply this reasoning to the right adjoint gp« : gn4141 — 1
of 1 — gni1+1. Applying fui1fhyq to it, this becomes g/, : hpy141 — fry1+1, and then
Jnt t fov1x i — id in End(O(X),42) gives the desired commutative diagram. O

In particular, we get the following corollary. (In principle one could state this with 1 replaced
by any n > 0.)

COROLLARY 9.16. Let f :' Y — X be a map of Gestalten that is 1-étale and 1-proper. Then
fig, f1e 1 O(Y )2 = O(X)2 agree up to twist. More precisely, there are natural isomorphism
Jie(P1sAp141 @ =) = fra, fra(Puslpi 1 ® =) = fig

and
Prlyp1pl @ pyApi 1 =1 € O(X)s,

A
so both tensor factors are invertible. HereY LY xxY B Y are the diagonal and first projection.

PROOF. Indeed, using linearity of all intervening functors, as well as the double Beck—Chevalley
isomorphism,
Jir(preAp1 4l @ M) = frypralyp 3 AGp1 M
= fupreAp1 M
= frequpAg1 M
= f1.M,
where ¢ : Y Xxx Y — Y is the second projection. The other isomorphism is analogous. Moreover,
Pl @ pryAga sl = pralAyp1 p A7 1 pip1sAga«l
= peAy P13yl
= pl*Af,l,*l = 1.
O

In particular, for any 1-étale and 1-proper f : Y — X, we get a canonically associated invertible
Ds € O(Y)o. If f is 0-étale or O-proper, then one gets a trivialization Dy = 1 by ambidexterity. If
one relates f and Ay :Y — Y xx Y, one finds that Dy and Da, are inverse. Thus, if f is l-able or
co-!-able, one gets a trivialization Dy = 1 by passing to some iterated diagonal.

Once one has such a trivialization, we get the counit map

Jort fral = fyl — 1

yielding a map fo : O(Y); — O(X); compatible with base change and composition. We expect
that these define a six-functor formalism on !-able maps (or co-!-able maps), but we were not able
to fully resolve all coherence issues.
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Restricting to truncated maps, we can however get the desired six-functor formalism:

PROPOSITION 9.17 (JAok25b]). Fix some Gestalt X, and let C' be the small (0o, 1)-category of
Gestalten over X that are truncated, 1-étale and 1-proper. Then there is a six-functor formalism

Corr(C) = O(X)2: Y — (O(Y)/O(X)),

refining the above construction. In particular, forgetting along O(X)a — 1Pr, this yields a siz-
functor formalism

Corr(C) = 1Pr: Y — O(Y):1.

PRrROOF. We apply the theorem of Cnossen—Lenz—Linskens [CLL25| to I = P = E consisting
of all morphisms of C, in the once-categorified six-functor formalism Y — O(Y)2 (where all maps
in C are 0-étale and O-proper), and then pass to endomorphisms of the unit. ]

A separate question is whether this six-functor formalism on Gestalten restricts to the one on
a given six-functor formalism C'. We expect that if all maps in C are truncated, then the previous
argument can be upgraded to show this agreement. In the more general setting, one first has to solve
the coherence issues in constructing the six-functor formalism for (co-)!-able maps of Gestalten.
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10. Lecture X: Cartier Duality

As a final topic of these lectures, we want to discuss a very general “Cartier Duality” result in
the topos of Gestalten. This will unify and generalize various “Fourier isomorphisms”. As in the
first lecture, let us start by recalling various examples of this phenomenon.

EXAMPLE 10.1 (Fourier). In this example, we use C-coefficients everywhere. One of the most
basic instances of a Fourier isomorphism is the isomorphism of Hilbert spaces

L(S") = LX(Z)

(x — Z anexp(2ﬂ'in$)> i (ap)n

. F@) — (n o /S 1 f(ac)exp(—27rin:c)dx) ,

where we regard S' = R/Z, with coordinate z. If we instead regard S' C C* with coordinate t,
the formulas become
1(8") = [2(Z)

(:U — Z ant"> i (an)n

ne”L

flt) — (n — . f(t)t‘"?) .

There are various refined, “decompleted” versions of this isomorphism, for example
C>(SY) = {sequences of rapid decay (an),},
D(S') = {sequences of polynomial growth (ay,),}.

Here D(S!) denotes the dual nuclear Fréchet space of Schwartz distributions on S (i.e., the dual of

C°°(S1)). The Hilbert space isomorphism can be obtained by passing to Hilbert space completions.
Note that there is also a similar statement at the categorical level: Namely, continuous finite-

dimensional representations of S' decompose into weight spaces, giving an equivalence

Rep(Sl) o~ @Vectﬁn‘dim‘((:),
nez

where the right-hand side can also be thought of as “finite” sheaves of C-vector space on the discrete
set Z.

ExaMpPLE 10.2. The previous example has a more elementary algebraic analogue. Namely, con-
sidering S C C* as a subset of the multiplicative group G,,, we can even further decomplete L?(S*)
to the space of Laurent polynomials C[t*!]. This in fact works over any (usual, for the moment)
commutative ring R. Namely, for any R we get the multiplicative group G,, g = Spec(R[t*!]) and
an isomorphism

O(Gy,r) = {sequences of finite support (an)n} = @ R,
nez
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given by the obvious map (an)n = > _,cz ant". Note that the right-hand side can also be understood
as the compactly supported global sections (or homology) of the structure sheaf on the scheme
Z x Spec(R) (a countable disjoint union of copies of Spec(R)).

In this setting, we can give a cleaner version of the passage to categories. Namely, there is an
equivalence of categories

Dyc(*/Gpm,r) @ch Spec(R)) = Dqc(Z x Spec(R))
neZ

by using that representations of G,, r decompose according to weights. In fact, dually, there is also
an equivalence

Dae(Gm,r) = Dqc(*/Z x Spec(R)),
as the right-hand side is a representation of Z, i.e. a complex of R-modules equipped with an
automorphism, i.e. a complex of R[tﬂ]—modules. The functors realizing the equivalences can also
be given by categorified forms of the formulas defining the usual Fourier transform. Namely,
abbreviating G,, = G, g and Z = Z x Spec(R), consider the diagram

*/Gpy X Z

A

* /G, Z.

* /Gy,

Here m denotes the pairing induced by G, x Z — G, : (t,n) — t", and p and ¢ are the obvious
projections. Now on */G,, we have a tautological line bundle £ € Dgy.(*/G,) corresponding to
the tautological representation of G,,, and we can use this (or its inverse, for consistency reasons)
as a “kernel” for a “Fourier transform”

Dac(*/Gm) — Doe(Z)
M q(p*M @ m*L™1).

Here, q) plays the role of integrating (over x/G,,), while the thing that is integrated is the analogue
of f(t)t~™. The inverse functor is similarly given by

Dae(#/Gm) <= Dac(Z)
p(g"M @m*L) <= M.
(Note that ¢ is proper (in the sense of the quasicoherent six-functor formalism) so ¢ = ¢, while p

is étale so p1 = py.)
Similarly, we can also consider the diagram

Gm X */Z U /Gy,
N
Gm /7

and the resulting equivalence
Dqc(Gy,) = Dyc(x/Z)

M= q(p"M @m* L)
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with inverse
Dac(Gm) < Dqe(*/Z)
p(¢"M @m*L) <= M.

(Also in this case, ¢ is proper in the sense of the quasicoherent six-functor formalism, so ¢1 = gx,
while p is étale so p1 = py.)

We note that the structure sheaf on G, corresponds to the regular representation of Z under
this equivalence, and passing to endomorphisms, we recover the Fourier isomorphism on the level
of vector spaces. Using analytic stacks over the liquid complex numbers, one can give similar
equivalences of categories also in the analytic case, for full derived categories of quasicoherent
sheaves on different versions (smooth, real-analytic, ...) of S!, categorifying in particular the
isomorphisms for C*°-functions or Schwartz distributions recalled above.

EXAMPLE 10.3 (Cartier). Let R be, as before, a usual commutative ring. Cartier introduced
a duality on finite flat commutative group schemes G. These are of the form G = Spec(O(G))
where O(G) is a finite projective R-module equipped with a commutative algebra structure, and a
compatible cocommutative coalgebra structure which encodes the addition on G. Some examples
are given by Z/n,
fin = ker(Gp, 25 Gy = Spec(R[]/ (" — 1)),
or

Aln] = ker(A =% A)

for an abelian variety A (where n is a positive integer). If R is of characteristic 0, then pu, is étale
locally isomorphic to Z/n; more precisely one has to adjoin a primitive n-th root of unity to R to
get an isomorphism. More generally, if R is of characteristic 0, any G is étale locally isomorphic
to a constant commutative group. However, if R is of positive or mixed characteristic, finite flat
group schemes are very interesting objects.

As O(G) is both a commutative algebra and a cocommutative coalgebra, the dual R-module
O(G)* is also a commutative algebra and a cocommutative coalgebra (where the algebra structure
comes from the original coalgebra structure, and vice versa). Thus,

G* = Spec(O(G)*)

is another finite flat group scheme. This algebraic construction also has a geometric meaning,
namely

G* = Hom(G,Gy,)

where the right-hand side denotes the internal Hom in, say, fpqc sheaves. This is induced by a
natural pairing

m:Gx G — Gy,
which corresponds to the map
R[tFY] = O(G) ®r O(G*) = O(G) ®@r O(G)*

sending t to the image of 1 under the coevaluation map R — O(G) ®gr O(G)* (which turns out to
yield an invertible element).
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In the examples above, G = Z/n has dual u,, while G = A[n| has dual G* = A*[n] where A*
denotes the dual abelian variety. Using the diagram

*x/G x G* m /G
PN
*/G G*,
one can again give “Fourier”-equivalences on quasicoherent sheaves, namely
Dqe(#/G) = Dqe(G™)
p«(¢"M @ m*L) <= M,
with similar inverse equivalence; and by symmetry also the version with G and G* exchanged.
ExXAMPLE 10.4 (Mukai). The preceding example applies in particular to n-torsion in abelian

varieties; but in fact a similar story applies to the abelian varieties themselves. Namely, if A/R is
an abelian variety, then there is a dual abelian variety A*/R; this can be defined as

A* = &t (A, Gpy)

where here &kt! denotes the internal Ext' in, say, fpqc sheaves. Note that as G, is affine but
O(A) = R, that s#om(A,G,,) = 0, so we need to look at the next Ext-group to see something
interesting.

In particular, there is a tautological pairing

m:Ax A = x/Gp,

and hence a line bundle
P=m"L € Dyc(A x A*);

this is known as the Poincaré line bundle. Mukai observed that, using the diagram

A x A* m 5/Go
/ \
A

this induces “Fourier”-equivalences

A*

Y

Dae(A) = Dge(AY)
P«(¢*M @ P) <= M.

Note that in this example, we do not pass to classifying spaces of the abelian varieties.

WARNING 10.5 (Breen). The preceding two examples make it tempting to think that one could
in general form duals by taking the derived internal R #om(—,G,,). However, the higher Ext-
groups are (probably) very sensitive to the choice of Grothendieck topology, very hard to compute
in practice, and in the preceding examples the expected vanishing in degrees > 0 resp. > 1 does
not hold. This makes it hard to generalize Cartier duality to “chain complexes of finite flat group
schemes” (or of abelian varieties).
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ExAMPLE 10.6 (Deligne). In the previous examples, we always worked directly with quasico-
herent sheaves. However, there are similar Fourier-equivalences also for other sheaf theories. A
famous example is given by the f-adic Fourier transform. For this, we work with varieties over a
field k of positive characteristic, and fix a nontrivial additive cocharacter ¢ : F, — @KX . Using the
Artin—Schreier exact sequence

0= F, — AL 2225 AL s 0,
the character v yields a 1-dimensional local system L, on A,lg, known as the Artin—Schreier sheaf
(or “exponential local system”, following an analogy also with the next example). Now if V' is any
finite-dimensional k-vector space, with dual V*, and (by abuse of notation) we consider both as
affine schemes over k (i.e., if V = k9, we consider it as A{), we get the diagram

VxV*

P

|4 V.

Aj

Then there is an equivalence
Det(v7 @6) = Det(V*v@f)
p(¢"M @m*Ly) <+ M,
with similar inverse equivalence.

ExaMpPLE 10.7. The previous example admits an analogue in the context of D-modules on

varieties over a field k of characteristic 0. Recall that by using Simpson’s de Rham stack, this can
be defined by

X +— Dmod(X) = Dqc(Xar),
via importing the six functors from the quasi-coherent six-functor formalism; see [Sch25b, Appen-
dix to Lecture VIII] for a discussion of the six functors from this perspective, and its relation to
standard presentations. The role of the Artin—Schreier sheaf is played here by the “exponential
D-module” £ on A}ﬁ whose solution is the exponential function e = exp(t). More precisely, £
corresponds to the D-module k[T] - e with V.(e) = e. In fact, this induces a map of commutative
groups (in stacks)
AéR = x/Gp,
which can also be defined more abstractly as the composite
Alg = AY/Gy = +/Gy =25 +/G,p..
Thus, for a finite-dimensional k-vector space V with dual V*, we get a diagram

Var x Vig o Alp %/Gp,

PN

Var Vir

and this induces a Fourier equivalence for D-modules
Dqe(Var) = Dae(Vdr)
q(p"M @ m*L) <+ M.
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In fact, for A}C, this has an elementary description in terms of actual D-modules: Namely, a D-
module on A} is a module over the Weyl algebra k(t, V)/([V,t] = 1), and the Fourier transform
amounts to the automorphism of the Weyl algebra taking ¢ to V and V to —t.

There are many more examples of similar dualities:

(1) working over a field k of characteristic 0, A! is Cartier dual to the formal additive group
Ga;

(2) working over a nonarchimedean field k of characteristic 0, the analytic affine line A" is
Cartier dual to the overconvergent neighborhood Gl of 0 in Al (i.e., functions on G/, are
power series converging in some small disk);

(3) working over Q,, the open unit disc Dg, is Cartier dual to the locally analytic p-adic num-
bers Z%,a (i.e., functions on Z;)a are continuous functions on Z, that are locally representable
by power series), this is a version of “Amice duality”;

(4) working directly with symmetric monoidal (oo, 1)-categories, Lurie has a generalization of
Cartier duality in [Lurl8al Section 3[;

All of these examples — except the very first one using L?-functions — turn out to be special
cases of the following general duality. For this, fix any Gestalt X as the base. We can then consider
commutative groups (i.e., Eo-groups) in Gestalten over X. As we work in a fully derived situation,
this is giving something analogous to the connective part D>o(S) C D(S), and it is better to work
stably, and consider spectrum objects in Gestalten over X, i.e.

Sp(Gest,/x) = {(M(],Ml, o) | My € CGrp(Gest x ), My, = QMnH} H
For any n > 0, we also get the subcategory
Sp(Gest?}?t) C Sp(Gest, x)

where all M; are n-étale; this is precisely the Ni-compact objects in sheaves of S-modules on the
n-et

actual (oo, 1)-topos Indy, (Gest//¢"). By ambidexterity, we have

U Sp( Gest” et U Sp( Gest" pmp).

Moreover, we note that there is a canonical object
GL; € Sp(Gestx)
which represents the functor
Y= (0(Y)5,0(Y)1,0(Y)3,...)

where O(Y),X C O(Y),, is the subanima of invertible objects, with the Eo-group structure of tensor

products. We will actually see that GL; € Sp(Gest(/) ).

29We have so far avoided using the term “spectrum”, but do not know a good term to use here otherwise. We
could, as before, say S-module, but at this point we actually want to use this displayed perspective as an infinite
sequence of Eo-groups, under delooping. However, note that there is a real language issue: In standard language,
we are considering sheaves of spectra on spectra of categorical spectra, where the three occurences of “spectra” all
have a different meaning...
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THEOREM 10.8 (S.-Stefanich). For any M € |, Sp(Gest%’?t), the functor
N Hom(N ® M, GL1)
on Sp(Gest, x) is representable by an object

Hom(M,GLy) € USp(Gest%‘?t) C Sp(Gest/x),

n—et)

and this induces an anti-self-equivalence of |, Sp(Gest/X . More precisely, for any n > 0, the

functor #om(—, GL1) induces an equivalence

Sp(Gest?}?t) o~ Sp(Gest?}?rOp)Op.

Moreover, for any M € Sp(Gest%?t), any m >n and any k =0,...,m, we get an equivalence

(O(My)/O(X))p, 2 (O(My, 1) /O(X))m
induced by an explicit Fourier transform. (We note that if m > n, then (O(My)/O(X))), =
(O(My)/O(X))m by ambidexterity.)
All of the above dualities are, suitably interpreted, instances of this general duality; for example,
the (connective) spectrum objects 7. and G, = Gestx (S[tT!]) over X = Gest(D(S)) are Cartier
dual.

We will prove the theorem in the next lectures. Let us note the following corollary and examples
now.

COROLLARY 10.9. For any M €, Sp(Gest’/‘)'?t), the biduality map
M — (M*)*
18 an isomorphism.
PRrOOF. Indeed, both sides live in | J,, Sp(Gest?}?t), and for any N € J,, Sp(Gest?}?t), we have
Hom(N, (M*)*) = Hom(N ® M*,GL;) = Hom(M*, N*)
identifying the natural map Hom(N, M) — Hom(N, (M*)*) with Hom(N, M) — Hom(M*, N*),
the map obtained by contravariant functoriality of M +— M™*. But this is an equivalence. ([l

We note that this result imposes virtually no finiteness hypothesis on M! This is in fact a bit
unsettling. Namely, consider the following example.

EXAMPLE 10.10. Let us work over X = Gest(D(C)) (although Z[%,Cp] would be sufficient),
and fix a prime p. Then Z is Cartier dual to G,, = Gestx (C[t*']). As the functor Zom(—, GL;)

realizing Cartier duality is exact, it follows that Z/p is Cartier dual to

Gm) =Z/p,
by a choice of (,. Moreover, on the derived category of sheaves of F,-vector spaces, the duality
Jtom(—,GL1) becomes the naive duality Zomp,(—,F,). Now, using biduality, we see that (with
all sums and products taken in the derived category):

(1) The 0-étale Py F)p is dual to the O-proper [ [y F,, which is hence 1-étale;

(2) The 1-étale Py [ [Ty is dual to the 1-proper (hence 2-étale) [ [y By Fps

(3) The 2-étale Py [ [y Py Fp is dual to the 2-proper (hence 3-étale) [ [y By 1y Fp; ---

t—tP

wp = ker(Gp, —
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It is, to me, extremely surprising that there is any topos which supports these bidualities. In
naive vector spaces, already the first biduality for @y F, fails, but it can be repaired by passing
to, for example, condensed F,-vector spaces. In condensed [F,-vector spaces, it turns out that
it is consistent that the derived biduality holds for @y [[yFp, cf. [BLH25], but already this is
independent of ZFC (it fails if the continuum is “too small”). Also, it always fails if one replaces
N by a larger cardinality, already for 8;. And certainly (3) will not hold in condensed F),-vector
spaces.

Thus, putting a Gestalt structure on these vector space objects, one gets a surprisingly clean
duality theory. We note that by our foundational choice of using N;-presentable (oo, 1)-categories
throughout, we need to use countable sums/products above; if we had chosen a larger cardinal
there, larger sums/products would be allowed here as well. But I already find the dualities above
unsettling, so am happy to ask them only for countable index sets.

EXAMPLE 10.11. Let us continue to work over X = Gest(D(C)) (for the present discussion, the
cyclotomic extension of Q would suffice). The spectrum GL;(X) is given by

GL1(X) = (C*, D(C)*, 11}, ...).

It is in general hard to compute its homotopy groups, but certainly 79 = C*, 7_; = Z (as any
®-invertible object in D(C) is isomorphic to a shift C[n| for some n), and 7_2 = 0 by a theorem of
Stefanich [Ste25b]. Working with “small” higher linear categories, one also knows m_3 = 0 while
m_4 is a highly nontrivial but known (countably generated, but not finitely generated) abelian
group, known as the Witt group.

In the language used by mathematical physicists, these higher invertible linear categories in fact
give rise to “invertible topological quantum field theories”, and there is an expectation (Kitaev, ...)
that these are classified by the Brown—Comenetz dual of the sphere spectrum Igx whose homotopy
groups are

7T_nI((:>< = Hom(wnS, CX)
More precisely, Icx is characterized up to isomorphism by
Hom(Z, Icx) = C*;

the description of the negative homotopy groups turns out to follow from this. Roughly, the
rationale behind this expectation is that an n-dimensional invertible topological quantum field
theory should associate to a framed closed n-manifold an invertible number, i.e. an element of
C*, and moreover this association should be invariant under cobordism. But cobordism classes of
(stably) framed closed n-manifolds are given by 7,S by the Thom isomorphism.

However, this expectation differs drastically from the actual answer above. But if we look not
at the global sections of GLi, but rather at GL; as a sheaf on Gestalten, we get the expected
answer:

COROLLARY 10.12. The spectrum object GL1 in Gest,p(c) is an internal Brown-Comenetz dual
Ig,, in the sense that

Hom(Z,GLy) = Gy,

In particular, for all n > 0, one has

7_nGL; & Hom(7,,S, 710G,,,) = Hom(7,,S, C*)
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in O-truncated abelian groups in Gest,p(c), via the pairing
™S X 71—, GL; — Wonm

Note that as m,S is a finite abelian group, so is Hom(m,S, m0G,,) = Hom(m,S,C*) (and it is
abstractly isomorphic to 7,S). Also note that this is generalizing our earlier discussion of Pic, with
T ()PiC = K.

PRrROOF. The first assertion is just coming from the duality between Z and G,,. To deduce the
description of the negative homotopy groups of GL1, note first that G,, is also the connective cover
of GL1, and its 1-connective 7>1 Gy, is rational (as for any A € CAlg(D(C)), one has 750A™ = 7504
via the logarithm, and 7-(A is rational). Thus, it follows that also

jfom(Z, TgoGLl) = Tgon,

where now the right-hand side is concentrated in degree 0. Now the identification of the negative ho-
motopy groups follows from general nonsense about Brown—Comenetz duality: If in any (countably)
(00, 1)-topos one has a coconnective spectrum object G such that #Zom(Z,G) = A is concentrated
in degree 0 and divisible, then 7_,,G = Hom(7,S, A) via the pairing 7,S x 7_,G — 710G = A. O

It is rather clear how most of the examples above fit into the setting of Gestalten. The most
subtle one is Deligne’s example. For this, we need to use the transmutation operation from the
last lecture, turning any six-functor formalism into a Gestalt. This could be done with the ¢-adic
six-functor formalism, but in fact one can give a more refined discussion by working in the motivic
six-functor formalism SH. This last example is also meant to highlight the new ways in which one
can do geometry with Gestalten.

ExAMPLE 10.13. Let X = [Spec(Z)]su € Gest. Over it, we have the transmutation [Al]sy of
the affine line, which has a natural structure as a commutative group (via addition); in fact, even

a commutative ring structure, and in particular a module structure over itself. Thus, the Cartier
dual

1
[Azlsn
still carries the structure of an [A}]sg-module. If this was isomorphic to [A}]sy, we would get a
Fourier-duality. This is not quite true, but it is locally true:

PROPOSITION 10.14. There is a cover X — X such that
[Ag)5n xx X = ([Ag]sn xx X)[-1]
as [Al]sh X x X -modules.

In fact, the universal example of such an X will be a (G, z]su-torsor X — X. Roughly, X is
given by freely adjoining an exponential local system on A% to the motivic six-functor formalism;
and the new six-functor formalism S — O([S]sg X x X)1 turns out to yield a theory of “exponential
motives”, cf. [FJ25], and in particular [GPL22] which gives a direct construction of the six-functor
formalism corresponding to X.

Over

[Spec(Fp)lsu X est(s) Gest(S[;, Gpl) — X = [Spec(Z)]su,

30As GL; is 0-proper, everything is happening in the countably (oo, 1)-topos of 1-étale Gestalten.
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we get an additive character v, and the Artin-Schreier cover yields an exponential local system L,
on Alle that turns out to yield a splitting

[Spec(Fp)lsu X qest(s) Gest(S[3, G]) — X.
Thus, abbreviating [Allb‘p]SH[Cp} = [A]}p]SH X Gest(S) Gest(S[%, (p)), we get an isomorphism

[Ak, Jsmie,) = [AF, Jsug, =1,

yielding a motivic version of Deligne’s Fourier equivalence; and by base change (to the Gestalt
corresponding to the f-adic six-functor formalism), also gives Deligne’s Fourier equivalence.

We note that there is also a Betti realization
Gest(D(S)) — [Spec(Z)]su

corresponding to the Ringgestalt R over Gest(D(S)); i.e. the pullback of the Ringgestalt [Al]sy —
X = [Spec(Z)|su is R = Gest(Shv(R, D(S))) over Gest(D(S)). Under this realization, the torsor
X — X yields an R*-torsor over Gest(D(S)) which, up to a trivial {£1}-torsor, is the Rsg-torsor

Gest(W) — Gest(D(S))

from [Sch25c| discussed previously.
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11. Lecture XI: Proof of Cartier Duality, 1

In this lecture, we start the proof of Cartier duality. Our goal in this lecture is to compute the
internal Hom into GLj.
As a first step, let us note that GL; is actually representable, meaning that each functor

X — O(X)) € CGrp

is representable. Here CGrp = CGrp(Ani) = D> (S) is the (oo, 1)-category of Eo-groups in anima,
which is equivalent to connective spectra. If n = 0, this is the functor
X — O(X)]
which is representable by the 0-affine Gestalt Gest(S) where S € CAlg(Ani) is the free commutative
group on one element. (In other words, after base change to X = Gest(A), this is representable by
Gestx (Ao[S]).) By shifting, it follows that for any n, the functor X — O(X)) is representable by
the n-affine Gestalt
(GL1),, = Gest(S® (n — 1)Pr)
where S ® (n — 1)Pr € CAlg(nPr) is the free presentably symmetric monoidal (oo, n)-category
on an invertible object; it is the image of S € CAlg(Ani) under the symmetric monoidal functor
Ani — nPr, which sends 1 to (n — 1)Pr.
Each (GLy)y, is the subgroup of invertible elements in a sheaf of commutative monoids

(A1), : X = O(X)Z™ € CMon = CAlg(Ani)
which is representable by
(A1), = Gest(Fin™ ® (n — 1)Pr)
where the groupoid of finite sets Fin™ = | |, */%) € CAlg(Ani) is the free Eo-monoid in anima
on one generator. (A priori, the appearance of the Nj-compactness condition in the functor of
points of (A!),, may be confusing, but it is a consequence of our definitions of morphisms in nPr as
preserving Nj-compact objects. All ®-invertible objects are Nj-compact, as the unit must always

be N;-compact.)
The first key computation is the following.

THEOREM 11.1. Let X = Gest(A) be any Gestalt, and let G € CGrp(Gest,x) be any commu-
tative group in Gestalten over X, such that G is n-suave. Then

%OmCGrp(Gest/X)(G7 (GLl)n)
is representable by an n-affine Gestalt over X, namely
Gestx ((O(G)/A);,),

where (O(G)/A)}, € Apyi1 has a natural commutative algebra structure constructed below.
In fact, more generally, if G € CMon(Gest, x) is only a commutative monoid which is n-suave
over X, then

f%ﬂomCMon(Gest/X)(Ga (Al)n)
is representable by the n-affine Gestalt GestX(((’)(G)/A)!n)E

31Thanks to Ben-Moshe for pointing out that the argument works in this generality. Note that if G is a group,
then any monoid map to (A'), factors over the maximal subgroup (GL1)n.
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Before giving the proof, let us first explain the commutative algeba structure on (O(G)/A)},
and discuss two examples.

To construct the commutative algebra structure, note that on the full subcategory Gest?}?“a"e C
Gest x, the functor

Y = (O(Y)/A), € Anp1
is a covariant symmetric monoidal functor

st = A1,

where the source is equipped with the cartesian symmetric monoidal structure. Indeed, being built
from the left adjoint to pullbacks, it automatically acquires a colax symmetric monoidal structure,
and the structure maps are isomorphisms by a Kiinneth formula for the left adjoint of pullback,

for suave maps. Thus, the commutative monoid G in Gest?}?“a"e is sent to a commutative algebra

in A,41, as desired. In particular, the unit of the commutative algebra (O(G)/A)., is induced via
covariant functoriality from the zero section * LN G, while the multiplication is induced from the
addition map G? 5 a.

EXAMPLE 11.2. Assume that X = Gest(D(R)) for some usual commutative ring.

(1) Let G = Z (i.e., the disjoint union of Z many copies of X, with obvious commutative
group structure). This is 0-étale, and in particular O-suave. Moreover, its homology is

given by €, ., R € D(R), where the unit is given by the effect on homology of * 5 Z,

and multiplication induced by the effect on homology of Z? &5 Z. This is just the algebra
R[t*!] of Laurent polynomials. Thus, the theorem says that

%OmCGrp(Gest/x)(Za GLl) = GeStX(R[t:H]) = Gmn.

Note that this is not yet proving that Z and G,, are Cartier dual: A priori the internal
Hom in spectrum objects might have some nonconnective part.

(2) Let G be a finite flat group scheme over R. Recall that finite flat group schemes are local
complete intersections (for example, as by a theorem of Raynaud they can Zariski locally
be embedded in abelian varieties, with quotient again an abelian variety, so that they are
the kernel of a surjective map between smooth group schemes), and finite local complete
intersections are O-suave. Thus, we can again take n = 0. Moreover, the homology
(O(G)/A)} of G is the dual O(G)* of the cohomology of G, as O(G) is finite projective and
hence reflexive. The commutative algebra structure is then given by Cartier’s construction.
Thus, the theorem says

%OmCGrp(Gest/X)(Gv GLl) =G".

Again, a priori the internal Hom in spectrum objects might have a nonconnective part
(but will turn out not to).

It turns out that the definition and basic properties of n-suave maps make Theorem almost
tautological:

PROOF OF THEOREM [I1.1l First, let H be any n-suave Gestalt over X. Then, for any Gestalt
Y over X, we can compute
jfomGest/y(H xXxY, (Al)nh’)



11. LECTURE XI: PROOF OF CARTIER DUALITY, I 101

Indeed, by definition of the functor of points of (A!),, this is given by the anima of Xj-compact
objects in

O(H Xx Y)n
But as H xx Y — Y is n-suave, this is also given by

Homoyyy, , (O(H xx Y)/O(Y))}, 1).

n+1
Moreover, the formation of (O(—)/(Y))!, commutes with base change for n-suave maps, so (O(H x x
Y)/O(Y)), is the image of (O(H)/A)!, under Apy1 = O(X)ni1 — O(Y)nr1. By adjunction, we
can then rewrite the last display as
Homo(x),,, ((O(H)/A);,, (O(Y)/O(X))n).

Now if H = G is a commutative monoid, then we can chase the commutative monoid structure

through these identifications, and we see that maps as commutative monoids
<%OIHCMon(Gest/y)(C; xxY, (Al)n|Y)
are given by
|
Homealg(0(x),41) ((O(G)/A),,, (O(Y) /O(X))n).

But the latter is just maps from Y to the n-affine Gestalt Gesty ((O(G)/A)},) over X, giving the

desired result. O

A consequence of Theorem is the following representability result for the Cartier dual. We
state it under the minimal hypothesis required for the proof

COROLLARY 11.3. If G € CGrp(Gest,x) is eventually suave, then for any n, the object
%OmCGrp(Gest/X)(Ga (GLl)n)

is representable in CGrp(Gestx).
Similarly, if
M = (Mo, My, ...) € Sp(Gest,x) = limgCGrp(Gest x)
18 a spectrum object in Gestalten over X such that M, is eventually suave for infinitely many n,
then
HOMg(Gest ) (M, GL1)

is representable in Sp(Gest, x ).

PROOF. For the first part, note that if GG is m-suave, then we already know the representability
for n = m; but as m-suave implies m’-suave for m’ > m, this gives representability for n > m. On
the other hand, as (GL1),—1 = Q(GL1),, we have

%OmCGrp(Gest/X)(Ga (GLl)nfl) = ijomCGrp(Ges‘c/x)(Ga (GLl)n)7

and hence representability for some n implies it for n — 1, and then inductively all smaller values.
If M = (Mo, My, ...) € Sp(Gest,x ), then

7_ZOjf(nnSp(Gest/X)(]\47 GLy) = liHln°%ﬂornCGrp(Gest/X)(]an (GL1)n).

32f all ob jects involved are n-étale for some fixed n, this representability is essentially a tautology by using that
we are essentially working in an (oo, 1)-topos.
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We can restrict to any cofinal subset of indices. By assumption, there is a cofinal system where M,
is eventually suave, for which the internal Hom is representable; as limits of representable objects
are still representable, this gives the result for 7> #0mgp(Gest, ) (M,GLy). But by shifting, all
other truncations are representable as well. ]

For the proof of Cartier duality, we need to compare homomorphisms in commutative groups
with the homomorphisms in spectrum objects. The key result is the following slightly technical
result. In its formulation, we use the concept of n-affine truncation, which for a morphism f:Y —
X of Gestalten refers to the universal n-affine map over X to which Y maps; this is given by

nAffx (V) = Gestx ((O(Y)/O(X))n) — X.

Note that Y = lim,nAff x (V') is the limit of its n-affine truncations (as the corresponding colimit of
Stefanich-O(X)-algebras stabilizes in each degree). Beware, however, that in general the formation
of m-affine truncations does not commute with base change; it does if f is n-prim.

Also note that in the following theorem, the assumption that * — My, is k-suave implies, via
base change along * — M1, that My = QM1 — % is k-suave; in general the converse is not
true (but by descent, it holds if * — M}y is surjective, i.e. if My 1 = x/Mj).

THEOREM 11.4. Let M = (Mo, My, ...) € Sp(Gest,x) be a spectrum object in Gestalten over
X. Assume that for all k > n, the map

* — M1

is k-suave. Let M* = (M, MY, ...) be the Cartier dual, which we already know to be representable.
Then Mj is n-prim. Moreover, the natural map

Mg — AO0mcGrp(Gest ) (Mn; (GL1)n)
mduces an isomorphism
nAffx (Mg) = HA0mcGrp(Gest ) (Mn, (GL1)n).
REMARK 11.5. Note that by Theorem [I1.1] the right-hand side
HAOMGrp(Gest x ) (Mn, (GL1)n)

is n-affine, and explicit, corresponding to the commutative algebra (O(M,)/A)!, (where A = O(X)
as before). Thus, Theorem yields an isomorphism

(O(Mg)/A)n = (O(M,)/A),,.
Also note that the theorem also applies with n replaced by any m > n, so we also get
(O(M5)/A)m == (O(Mp) /A),
for any m > n. One can also apply the theorem to shifts of M, which yields
(O(M;)/A) ik = (O(Myn) /A)y s
for k>0, m>n.

Before starting the proof, we prove the key statement as a separate lemma.
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LEMMA 11.6. Let G € CGrp(Gest/X) and assume that G is n+1-suave, while x — G is n-suave.
Let G' = QG € CGrp(Gest,x); note that G is n-suave. Then %OmCGrp(Gest/X)(G7 (GL1)p+1) s
n-prim, and the natural map

Ao Gp(Gest ) (G (GL1)n 1) = H0MCGrp(Gest, ) (G5 (GL1)n)
mduces an isomorphism
nAfEx (H0mocrp(Gest ) (G5 (GL1)n+1)) = HOMcarp(Gest) ) (Gs (GL1)n).-
PrOOF. By Theorem [11.1
AOMCGrp(Gest, ) (G (GL1)nt1) = Gestx ((O(G)/A);,11)
is n + l-affine, while
HOMCGrp(Gest ) (G (GL1)n) = Gestx ((O(G')/A),)

is n-affine. We need to see that the unit map 1 — (O(G)/A),_.; in A,io admits a right adjoint,
and the map

(O(G")/A),, — Endog)/ay, (1)
is an isomorphism in A, 1. Recall that the unit map

11— (O(G)/A)iﬁ-l

in A,1o is given by the effect on homology of i : % % G. More precisely, this effect on homology
already gives a map

int : (O()/O(G))41 — 1

in O(G)y42, and then we consider

Frsraling) 1 1= (O(G) /A1,

where f : G — % = X is the projection. As i is n-suave, the map i\, admits a right adjoint i,
and hence also f,114(in)) admits the right adjoint fn+1,ﬁ(i!n), giving n-primness. Moreover, the
composite map

1 Tnt1,4(in,) (O(G)/A)!n-H Frv1,8(in) 1,
of fni14(iny) with its internal right adjoint f,114(i,), is the object of A,11 = Enda,,,(1) com-
puting End o), AL (1). Taking the internal Hom to 1 of the displayed diagram does not change
the composite, and yields the composite

1 Srt1,x(in,g) (O(G)/A)n_H frt1,%(43,)

Thus, we need to compute fr414(ining). As fap14 1 O(G)nt2 = Apgo is just a forgetful functor,
we drop it from the notation. Using base change in the cartesian diagram

1.

g9
G ——x

1

¥ — @,
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we see that i}i, s = g, 495, and the map

In, 89
RNy

in A,4o corresponds to
gugl = (O(Y)/A), € Ayi1 = Enda, ,(1). O
Now we can deduce Theorem [11.4l
ProOF OoF THEOREM [11.4] First, we show that jfomCGrp(Gest/X)(Mm, (GL1)s) is n-prim over
X for all m > n, and the map
AOMGrp(Gest x ) (Mm: (GL1)m) SLU HOMCGrp(Gest ) (Mn: (GL1)n)
induces an isomorphism
nAfE x (F0mcGrp(Gest ) (Mm, (GL1)m)) = Homccrp(Gest, x ) (Mn: (GL1)n)-
We induct on m. For m = n + 1, this is Lemma In general, this also shows that
%OmCGrp(Gest/X)(Mm-l-lv (GL1)m+1)

is m-prim, and taking its m-affine truncation yields Jomcgrp(Gest y ) (M, (GL1)). But being m-
prim, with n-prim m-affine truncation, implies being n-prim; and if we also take n-affine truncation,
we get %omcgrp(gest/x)(Mn, (GL1)p) by induction.
Now
7-ZO<%OHlSp(Gest/X) (M,GLy) = lirnm<%ﬂOHlCGrp(Gest/X) (M, (GL1)m),
and countable limits of n-prim maps are n-prim, and n-affine truncation commutes with this count-
able limit. Thus, we also have

nAffx (Tzoi%ﬂomSp(Gest/X)(Ma GLl)) = %OmCGrp(Gest/X) (an (GL1>N) U
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12. Lecture XII: Proof of Cartier Duality, I1

In this lecture, we finish the proof of Cartier Duality. We start with a refinement of Theo-
rem [IT.4

PROPOSITION 12.1. In Theorem[11.]), the map
* = My,
is n + k-prim for k > 0.

We note that it already follows from Theorem and shifting that M — * is n + k-prim for
k > 0. The present statement is slightly stronger.

PrOOF. It suffices to show that i : * — M7 is n-prim (as the assertion for other values of k
follows by applying the result for different values of n). In order to reduce the number of variables
further, we note that by shifting the Stefanich ring A, we can moreover assume n = 0.

Note that for m > 1 the map

im—1: (O(M{)/A)m — 1

m—1"*

in Ay, is identified with the map
fe1s : (O(M_1)/A)L, — 1

where f: M,,—1 — % = X is the projection. Indeed, this follows from the functoriality (under the
map M — M’ = 0) of the identification of (O(Mj)/A);, with (O(M,,_1)/A)},. As My, 1 — * is
(m — 1)-suave, the map f,,—1, has a right adjoint in A,,;; thus, 4, _; has a right adjoint
imo1e 1 (O(M)/ A
in Ay,41, for all m > 1. This is however not yet the statement we need for showing that ¢ is O-prim:
We need a right adjoint already in O(M;)m+1. We can get at this by looking at the unit map
id = iy win,
in Endy,, ,((O(M7)/A)m41). Evaluating this map at the unit, i.e. restricting along 1 — O(M7) 11,
we get the map
1= il

in Homy,, ,,(1, (O(M7)/A)ms1) = O(M{)m1; this is the map that we want to see has a right
adjoint. For this, it suffices that the unit map id — ¢,, «7;,, has a right adjoint. Translating, this
means that we want the unit map

id = fyfm 0 Enda, o (O(Min) /A) 1)
to have right adjoint, where now f denotes the map M,, — *. But there is a functor
O(Mpm X Myn)ms1 = Enda, 1o (O(Min) /A) 1 11)
taking K € O(M,, X My,)m+1 to the map

(O(Min)/A) i1 Py (O(My x M) /A1 = (O(Mi ¢ M) [A)yy = (O(Min) /A1

where p, q : My, x My, — M, are the two projections, both of which are m-suave. (To define —® K,
note that (O(M,, x M,,)/A)},; is the image of the unit under the left adjoint O(M, X M )mt2 —
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A2 to pullback; and hence the endomorphisms O(M,, X My )m+1 = Endoar,, x My, )mo (1) act.)
Moreover, the map

Afmo11: (O(Mp)/O(My, x Myp))h, — 1

in O(M,, X My,)m+1 realizes to the map id — f;nfm,g. Thus, it suffices to see that Ay, has
a right adjoint in O(M,, X My,)m+1. But this follows from A being (m — 1)-suave; note that
Ay My, — My, X My, is a pullback of x — M,,. ]

COROLLARY 12.2. Consider the subcategory Sp(Gest/X)nice of all M € Sp(Gest,x) such that
for some n, the map x* — My, is (n+ k)-suave for all k > n. For any such M, the Cartier dual M*
is representable by an object of Sp(Gest/X)nice, and the biduality map

M — (M*)*

s an 1somorphism. Thus, M — M™ induces an anti-self-equivalence of Sp(Gest/X)nice.

Proor. For any M € Sp(Gest, x)Mee g suitable shift of M satisfies the hypotheses of Theo-
rem m By Proposition the dual M* has the property that * — M, | is (n + k)-prim for
k > 0. By Proposition this implies that * — M is (n + k + 1)-suave for k > 1. Thus, M*
still lies in Sp(Gest, x )™

Moreover, if * — M, is n + k-suave for all k > n, the object (O(M;)/A)}, is dualizable (and
selfdual) for k > n+ 1 and m > n + k + 1 by Proposition and Lemma In this regime,
the identification

(O(M}))/A)m = (O(Mpy—t) /A
is induced by the natural invertible object in
(OM)/A)m @ (O(Myp—i) [ A)m = (O(My; X M)/ A)m
coming from the map
My—1 @ My — (GL1)m.-
This factors over the pairing
(M) @ My — (GL1)m,
which similarly induces an object in
(O(Mg)/A)m @ (O((M™) k) [A)m
yielding a perfect duality, a priori for £ > n + 2 and m > n + k + 2. It follows that the map
(O(Mp—) [A)m = (O(M7)y, 1)/ A)m

must be an equivalence, as both are dual to (O(M})/A),, via compatible pairings. As this holds
for all m > n+ k + 2, the map My, — (M*)} is an isomorphism; and as this holds for all k£ > n + 2,
the map M — (M™*)* is an isomorphism. O

The previous corollary already gives us a perfect Cartier selfduality, on an even larger class
of spectrum objects than promised in Theorem [10.8] Under this equivalence, one can translate
various properties.

THEOREM 12.3. Let M € Sp(Gest,y )", with Cartier dual M*, and let n > 0.



12. LECTURE XII: PROOF OF CARTIER DUALITY, II 107

(i) For all k > n, the map * — My is k-suave, if and only if for all k > 0, the map
* — M isn+ k—primﬂ
(ii) For all k € Z, the map My — * is n-étale, if and if for all k € Z, the map M} — x is
n-proper.
(iii) Assume that x — My is k-prim for all k > n. Then My,+1 — * is n + 1-affine if and
only if M* is connective.

Thus, informally, Cartier duality exchanges suave and prim, étale and proper, and affine and
connective. The first two dualities are at least morally unsurprising, whereas this last duality,
between affineness and connectivity, is a new phenomenon. Note that it follows from Proposition (8.1
that in (iii), the condition “M,, 1 — * is n+k-affine” is independent of k > 1, and is also equivalent
to * — M, 41 being n-affine.

PRrOOF. Note that the condition in (ii) is just condition (i) applied to all shifts of M; thus (i)
implies (ii). We have already seen the forward direction of (i) in Proposition The proof of the
converse is mostly a direct translation of the proof of Proposition Again, it is enough to show
that ¢ : x — M) is n-suave, and we can assume for simplicity that n = 0 by shifting the Stefanich
ring A. We note that the assumption that x — M, , is k-prim for all k¥ > 0 implies that * — M}’
is k + 1-suave for all £ > 1 by ambidexterity, and hence by using the forward direction, we already
see that * — Mjq is k + 1-prim for all £ > 1. In particular, by base change, we see that M;, — x
is k + 1-prim for all & > 1. Moreover, the forward direction gives us, for m > 1, an identification
of the map

27*71 : (O(Ml)/A)m+1 —1
in Ay,42 with the map

Frnt : (O(My3) [ A) 1 — 1
where f : M} — % = X is the projection. Note that as f and its diagonal are m-prim, it follows
from ambidexterity that (O(M,)/A)}, ., is dualizable, and the map f,, is dual to the map

fi i 1= (OOM) /A .
As f is m-prim, this map admits a right adjoint; reversing the identifications then shows that ¢,
has a left adjoint

img 1 —= (O(M1)/A)ms1
in Aj42, for m > 1. Again, this information is too weak — we need this internally in O(M1)m+2,
not just A,,+2, but even more importantly we need to get down to m > 0. But note that existence
of 4,4 in Ay 40 already implies it after further forgetting down to (m + 1)Pr, and in particular the
pullback functor

im0 O(M1)mt1 = Ampa
has a left adjoint still denoted 4,4 in (m + 1)Pr, for all m > 1. In particular, we can define
(O(¥)/O(My))}, € O(M) 1 for all m > 1, and suaveness of i is equivalent to the assertion that
the map

Z'mflyg : (O(*)/O(Ml))'m — 1

in O(Mj)m+1 has a right adjoint, for all m > 1.

33That a “suave-prim-duality” of roughly this shape — asking it not for My — * but * — M; — should be true
is something I learned from Johannes Anschiitz and Arthur-César le Bras.
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The idea is now again to look at the induced counit map
i,y — id
((O(M1)/A)m+1). Restricting along the unit 1 — (O(M1)/A)m+1, this gives the map
im—11: (O(My)/A)}, =iyl — 1.

Thus, it suffices to see that this counit map has a right adjoint. Under the duality between f,
and f . this means that the counit map

fmfms —id in Endy,, ., ((O(My,)/A)mi1)
has a right adjoint. But there is a functor
O(Mpm X Mp)mt1 — Enda,, , ((O(Mp)/A)m+1)
taking K € O(M, X My,)m+1 to the map

in Enda,, .,

(OMn) [A) st 225 (O(Myy X M) [A) it =255 (O(Mym x Myn) /At L5 (O(Min) ] A

where p,q : M,, x M,, — M,, are the two projections, both of which are m-prim. Moreover, the
map
A1t 1= (O(M) /O(Myy, X M)

in O(M,y, X Mp,)m+1 realizes to the map f¥ fm.« — id. Thus, it suffices to see that A}mm_l
a right adjoint in O(M,, X Mp,)m+1. But this follows from Af being (m — 1)-prim; note that
Ay My, — My, X My, is a pullback of x — M,,.

For part (iii), we can again assume n = 0, by shifting the Stefanich ring A. We see from (i)
that the hypothesis implies that M™* has the property that x — M, is k-suave for all k > 0. We
can then apply Theorem to M* and its shifts; this shows (using biduality) that

(n + k)Affx (My) = HAomccrp(Gest, ) (M (GL1)ntk)

for all n,k > 0. Now M™ is connective if and only if the right-hand side is independent of n, for all
k; this translates into the statement that (n + k)Aff x (M}) is independent of n, which means that
Mj, is k-affine for all £ > 0. But by Proposition this is equivalent (for £ > 1) to the condition
that * — M} is k — l-affine, and these conditions are all equivalent, by another application of
Proposition [8.1], and imply that My — * is O-affine. ]

Together with Remark [IT.5] this basically finishes the proof of Theorem[I0.8 There is one more
thing to do, namely to show that all the examples fit into this general framework. In Theorem [T1.1]
we made some partial progress on this, but could not yet control the nonconnective Cartier dual.
Using part (iii) of Theorem we can improve on this.

has

PROPOSITION 12.4. Let G € CGrp(Gest,x) and assume that G is n-suave, and BG = */G is
n + 1-affine. Then the Cartier dual G* € Sp(Gest,x) of G is —n-connective, and determined by

Gy, = AomGrp(Gest ) (G- (GL1)n) = Gest((O(G)/A)y,).

PROOF. The commutative group G gives rise to the spectrum object M = (G, BG, B%G,...)
where BG = /G is the classifying space of G, B2G = %/BG is the classifying space of BG, etc. .
Then each M, = B*G is a colimit of products of copies of G, and hence n-suave; even the maps
% — B*G are n-suave for k > 1. By ambidexterity, it follows that B*G — « is n+ 1-prim for k > 1,
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and then the assumption that BG —  is n + 1-affine implies that B*G is n + k-affine for all k > 1
(in fact, the condition “B*G is n + k-affine” is independent of & > 1, and is implied by G being
n-affine). Thus, Theorem shows that M* is —n-connective, and then Theorem computes
M. O

REMARK 12.5. To show that BG is n + 1-affine, it suffices to show that G is n 4 1-affine, and

the map
1= (0(G)/A)n11

with its left adjoint (which exists as G is n-suave) yield a comonadic adjunction in An+2@ Indeed,
BG will always be n 4+ 1-prim by ambidexterity, hence surject onto its n + l-affine truncation
by Corollary to show that this map is an isomorphism, it suffices to see that the map G —
* X (n4+1)Affx (BG) * 1S an isomorphism. As everything in sight is n+ 1-affine, this amounts to showing
that the map

L®0(B6)/A) 1 = (O(G) /A1
in A, 49 is an isomorphism. But the comonadic adjunction 1 — (O(G)/A)p+1 in A,4o descends

to a similar comonadic adjunction in O(BG),+2, and hence also (by forgetting structure) in 4,42,
which now reads

(O(BG)/A)pt+1 — 1.
Base-changing this comonadic adjunction along (O(BG)/A)n+1 — 1 then gives back the original
comonadic adjunction 1 — (O(G)/A)n+1.

It is now a simple matter to apply the proposition to compute the Cartier duals in all examples
mentioned; one always gets the expected answer. Let us finish this lecture by discussing the motivic
Fourier transform, i.e. prove Proposition |10.14] We repeat the statement.

PROPOSITION 12.6. Let X = [Spec(Z)]snu be the transmutation of the Morel-Voevodsky motivic
6-functor formalism SH. There is a cover X — X such that

Az xx X = ([AZJsn xx X)[-1]
as [A}]su x x X -modules.

PRrROOF. We apply Proposition to G = [A}]sg and n = 1; note that G is 1-affine, hence in
particular BG is 2-affine. It follows that M* is (—1)-connective, and determined by

M = Gestx ((O(G)/A)}).

In a six-functor formalism, the left and right adjoints to pullback agree from the second categorical
level, so (O(G)/A)} = (O(G)/A)1, and is just the object [A}] € Kgu in the presentable (0o, 2)-
category of kernels. Moreover, the symmetric monoidal structure is the convolution symmetric
monoidal structure.

We note that the connective cover of M* is trivial — this follows by applying Theorem[I1.1]to G
and n = 0. This computes the connective cover of M* as Gestx ((O(G)/A)}). But (O(G)/A) € A
is just the homology of G = [A}]sy, which is trivial (by contractibility of A! in the SH-formalism).
Thus, the map * — M7 is an injection. Moreover, by Theorem m (i), the zero section * — M
is O-prim; thus, it is a closed immersion.

34The converse is also true.
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Let X C M7} be the open complement of the zero section. Note that M7 itself is 0-suave, by
another application of Theorem m (i), using that zero section * — G is 0-prim (and all maps
* — B*QG are 1-prim for k > 1, by ambidexterity). It follows that X is O-suave over X. Moreover,
one computes ~

O(X)1 = O(G)1/O(X), = SH(AL)/SH(Z)
the quotient under the fully faithful functor SH(Z) — SH(AL) given by pullback. The functor
SH(Z) — O(X); = SH(A})/SH(Z)
is given by inclusion along the zero section of Al. It is clear that this functor is conservative, so
X — X is a cover by Proposition

More generally, we see that for any scheme S of finite type over Z, one can evaluate O(S X x X )1

as

SH(AY)/SH(S)
where the symmetric monoidal structure combines the usual symmetric monoidal structure in the
S-direction with the convolution symmetric monoidal structure in the A'-direction. This is in fact
the 6-functor formalism of “exponential motives”, cf. [FJ25], [GPL22].

Over X, we get a universal section of M7, and hence a universal map

[Ay] ¢ = [Aflsu xx X — (GL1)1;
this is the “exponential local system on A!”,
L e O([Az])-

Under the above description of O([A}] )1, this corresponds to the structure sheaf of the diagonal
A% inside A}V‘

As My isZa module over the commutative ring object GG, the universal section of M] induces a
map

f:GXXXV—>]Wik X)(X

over X. We want to see that this is an isomorphism. As both sides are 1-affine over X, it suffices to
see that it induces an isomorphism after applying (O(—)/O(X));. Both sides evaluate to the object
corresponding to [A}] € Ksg = O(X)2, base-changed to X. Thus, we have to see that a certain
endomorphism of the image of [A}] in O(X)3 is an isomorphism. This endomorphism is in fact the
one given by the kernel m*L, where m : A' x A — Al is the multiplication. Its inverse is given
by a similar kernel; to check that the composites are correct, one only needs that the !-cohomology
of £ on Al is trivial. But the !-cohomology of the diagonal Al C A}% along the first projection is

just the constant sheaf on A}, which thus lies in the image of the constant sheaves, and is therefore
zero in the Verdier quotient. ([l
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13. Lecture XIII: The Gestalt of Berkovich motives

In this last lecture, we discuss what is known about the geometry of one of the key motivating
examples (for me): The Gestalt associated to the six-functor formalism of Berkovich motives. This
lecture is meant to serve as an indication of how this story fits into the larger picture I am trying
to develop; it is at many points extremely sketchy. Details will appear elsewhere.

Let C be the category of finite-dimensional Berkovich spaces. More precisely, in the language
of [Sch25a], consider the category C of (light) arc-stacks X that admit a locally closed immersion
into A7, for some n > 0. The key difference between the usual setting of algebraic geometry and
the present setting of Berkovich geometry is that X is determined by inequalities |f;| < C; for some
functions f,ﬁ By [Sch25al, there is a six-functor formalism

Dot = Corr(C) — 1Prpz)

of étale Berkovich motives, with Z-coefficients. (One could also work with S-coefficients, and develop
a non-étale theory; this is not my concern here.)

By [Sch25al Proposition 10.3] (plus a small argument to extend to non-analytic Berkovich
spaces), if X is quasicompact and lives over Z[(,] for some n > 2, then

Dot (X)

is rigid as a symmetric monoidal presentable stable (oo, 1)-category. The assumption of living over
Z[(n) with n > 2 ensures that all residue fields have finite cohomological dimension as opposed
to just virtual finite cohomological dimension; the only obstruction here comes from possible real
points. We note that like sheaves on a general compact Hausdorff space, Do (X) is not compactly
generated. Geometrically, there is a map

Gest(Dmot (X)) = Gest(D(|X|,Z))

where | X| denotes the underlying compact Hausdorff space of X, and the fibres at z € |X| are
given by Gest(Dmot(K (x))) where K (x) is the complete Banach field that is the residue field of X
at x. These categories associated to Banach fields are compactly generated.

By our discussion of six-functor formalisms, we should however not focus on the Gestalt of
Dot (X) € CAlg(1Pr), but rather of the presentable (0o, 2)-category of kernels Kp_,, leading to
the Gestalt

[Marc(Z)]mot € GeSt/Gest(D(Z))'
Already in [Sch25al, I conjectured the following result:

THEOREM 13.1 (Aoki). For any n > 2, the Gestalt
[Marc(Z[Cn])]mot € GeSt/Gest(D(Z))
15 O-proper.

SKETCH. For any six-functor formalism, the corresponding Gestalt is 1-proper, so we only need
to worry about the right adjoints at the lowest categorical level. For the map

[+ Marc(Z[Cn])mot — Gest(D(Z)),

351t is a nontrivial matter to endow X with a good structure sheaf; we sidestep this issue here by working directly
with arc-stacks. This means that there are more maps X — Y than one might a priori expect — for example if X
lives in characteristic p, one can take arbitrary p-power roots of functions.
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this means that
fe: Dmot(Z[Cn]) - D(Z)
is colimit-preserving. This is part of the rigidity of Dot (Z[(,])-
For the diagonal

Ag : [Mare(Z[Ga])lmot = [Mare(Z[Ca])lmot X [Marc(Z[Gn])|mot
we note that this map arises as follows. Consider the natural transformation
Dot (X) @p(z) Dmot(Y) = Dmot (X X Y)
of lax symmetric monoidal transformations
Corr(C’) x Corr(C’) = 1Prp(z),

where C’ is the subcategory of quasicompact objects of C /zic.)- Then Ay arises by passing to
modules over those lax symmetric monoidal transformations, considered as objects of

CAlg(Fun(Corr(C") x Corr(C"),1Prpz)).
Thus, we need to see that
Dmot (X) ®D(Z) Dmot(y) — Dmot(X X Y)

admits right adjoints, which are moreover functorial in (X,Y’) € Corr(C”) x Corr(C”). Using rigidity
of Dyot(Y'), we can identify

Dot (X) XD (z) Dot (Y) = Fun%)(z) (Dot (Y), Dmot (X)),
and then the right adjoint
Dmot(X X Y) — Dot (X) ®D(Z) Dmot(Y) = Funé(z) (Dmot (Y), Dmot(X))

is given by associating to any K € Dyt (X X Y') the corresponding functor with kernel K. This is
evidently colimit-preserving, and moreover functorial in X € Corr(C”) (which is just a condition).
Breaking symmetry the other way, it is also functorial in Y.

It remains to see that the second diagonal Aa, is O-proper. For this, we make use of Theo-

rem (1). The map
AAf : [MarC(ZKn])]mot - [MarC(Z[Cnmmot X [Mare(Z[¢n])]mot X [Marc (Z[Cn])]mot [MaTC(Z[Cn])]mot

is then, as a moduli problem, given as follows. The target classifies, over a Gestalt S over
Gest(D(Z)), certain normed Ringgestalten (R, N) over S together with an automorphismy : R — R
commuting with the norm. The second diagonal corresponds to the subspace where v = id. Note
that as R is O-truncated over S, this is really a condition. We want to see that Aa, is a closed
immersion. In other words, we need to see that the maximal subspace S’ C S over which v = id is
closed. Let
Z={y=id} CR

be the fixpoint locus of «+ inside R. This is closed, as it is the preimage of the closed immersion
{0} € R under themap R — R : z — ~y(z)—x. Thus, its complement U C R is open (noting that we
work over Gest(D(S)), so open immersions and closed immersions are each other’s complements).
As R is O-suave, it follows that also U is 0-suave, and hence its image V' C S is a 0-suave injection,
i.e. an open immersion. Its complement S’ C S is therefore closed, and this is precisely the maximal
sublocus where Z xg 8" = R xg .5, i.e. where v = id as an automorphism of R. O
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We note that the proof combines the knowledge about Dot from its explicit definition as
in [Sch25al to get the right adjoint for the first diagonal, with the moduli interpretation of
[Marc(Z)]mot from [Aok25b] to get the right adjoint for the second diagonal. Working purely
in terms of category theory, the second diagonal seems essentially inaccessible — the final argu-
ment really uses critically the geometrical perspective offered by Gestalten.

As a general intuition, it is reasonable to think of O-proper Gestalten as being “compact Haus-
dorft”. Namely, being O-prim implies being quasicompact by the next proposition, and being
O-proper then also includes similar quasicompactness conditions for the diagonals.

PRrOPOSITION 13.2. Let X be a 0-prim Gestalt. Then X is quasicompact in the topos of n-étale
Gestalten, for any n > 0. More precisely, if for some n there are n-suave maps f; : ' Y; — X
for i € I, such that | |, Y; — X is surjective, then there is some finite subset J C I for which
Llics Y = X is surjective.

We prove this for n = 1, and indicate how to adapt the argument to higher values of n; this
requires the theory of n-retracts for all n.

PRrROOF. Replacing the Y; by their images, we may assume that all f; are n-étale injections, and
then correspond to coidempotent coalgebras C; € O(X),+1. For any finite J C I, we also get a
coidempotent coalgebra C; as the image of | |, ;¥; — X. Then colim;-;Cy = 1, so it suffices to
see that if some filtered colimit of coidempotent coalgebras in O(X),+1 is the unit, then already
some term is the unit.

Thus, changing notation, take any filtered colimit

colimi Cl =1

of coidempotent coalgebras in O(X),+1. Denote by ¥; C X the Gestalt corresponding to C;. If
n = 0, then compactness of 1 € O(X); implies that 1 is a retract of C; for some i, and then C; = 1
as C; is a coidempotent coalgebra. For n > 0, applying Hompx),,(1,—) : O(X)n41 — nPr and
using n-primness, this implies that

colim;Hompx), ., (1,C;) = O(X),
is an isomorphism in nPr. In particular, 1 € O(X),, can be written as
COhmifi,n—l,!(Di) =1e O(X)n

for certain objects D; € Homp(xy,,,(1,C;). If n =1, then 1 is a retract of f;, 1,(D;) for some 4,
and then it follows from Proposition (i) that ¥; — X is surjective, i.e. V; = X.

In general, one can iterate this argument, and the outcome is that for some i the map C; — 1
in O(X)p41 is an n + l-retract, i.e. there is some map 1 — C; (namely, the map given by D;) such
that the composite 1 — 1 is an n-retract. There is a version of Lemma [8.13|for n+ 1-retracts, which
shows that then 1 lies in the subcategory of O(X),+1 of comodules over C;, and hence C; = 1. O

Recall that there are basically two approaches to the theory of motives: An explicit one, via
constructing many different realizations and studying their comparisons, and an abstract one, by
building some universal category. We built [Myc(Z)]mot from the abstract point of view; connecting
it to the concrete one means that we are looking for realizations, which in this context are maps

Gest(A) = [Marc(Z)]mot
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for “concrete” rings A. Here, concrete should ideally mean 0-affine, but we might also allow analytic
rings, which are really just 1-affine. Let me pose the following conjecture.

CONJECTURE 13.3. There is a cover
X = [Marc(Z)]mo‘c
where X is 1-affine and 0-proper over Gest(D(Z)).

In other words, X corresponds to some rigid O(X); € CAlg(1Prpz)). Rigid symmetric
monoidal categories are usually relatively understandable, so a cover as the above would be a
(somewhat) concrete realization of Berkovich motives.

Note also that the diagonal of [Maye(Z)|mot is 1-affine and O-proper, so given any such X, we can
recover [Marc(Z)|mot as the geometric realization of the Cech nerve X,, where all X,, are 1-affine
and O-proper. This Cech nerve is then taking care of “all comparison isomorphisms”. This would,
at least qualitatively, connect the abstract theory of Berkovich motives to “concrete” realizations,
and their comparison isomorphisms.

The following realizations of Berkovich motives are known:

(i) The Betti realization. This is actually giving an isomorphism between the archimedean
locus

[Marc(Z)]mot X mzy {12 > 1}

and Gest(D((0,1]/Gal(C/R),Z)). Here, (0,1] C M(Z) is the archimedean locus, with
trivial action of Gal(C/R). Namely, on the archimedean locus, the theory of Berkovich
motives reduces to the usual theory of Betti sheaves, which already satisfies the Kiinneth
formula, so the corresponding Gestalt is 1-affine.

(ii) The analytic de Rham realization, cf. [ABL™25|. For any Banach field K of characteristic
0 (such as Q((t)) or Qp), this gives a map

AnSpec(K) — [Marc(Z)]mo‘c

classifying the ring stack (A}()glﬁ. If K = C, this is isomorphic to the Betti stack, as it
must by the claimed universality in (i).
(iii) The Hyodo—Kato realization, cf. [ABL™25|. For any perfectoid field C' of characteristic 0

with an isomorphism C” = (C]bj, this gives a map
AnSpec(C) — [Marc(Z)]mOt
classifying the ring stack
(AL, )R-
Varying C', this gives, in fact, a map from the Fargues—Fontaine curve, or even the analytic
de Rham stack of the Fargues—Fontaine curve,

(FFCp)gll}{/Gal(@p/Qp) — [Marc(Z)]mot-
(iv) The Habiro realization. Recall that the Habiro ring

n

H =1lim,Z[¢™ /(¢ )n » (@:0)n = [J(1 - d),

=1
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is the completion of Laurent polynomials in ¢ at all roots of unity. The analytic Habiro
ring is a normed analytic ring, over the base solid normed ring Z((u))g, given roughly as
the initial Z((u))[¢*!]o-algebra H** such that

(a) For all k£ > 0, the sequence ((q; q),/u*"), is a nullsequence.

(b) For all € > 0, the sequence (u"/(1 — ¢")), is a nullsequence.
In particular, in H?", all 1 — ¢™ are inverted. Then I constructed an explicit ring stack
over AnSpec(H?"), yielding a map

AI’lSpeC(Han) — [Marc(Z)]mot-
An important point here is that H*"/p # 0; this gives a nontrivial map
AnSpec(Han/p) — [Marc(@)]mot X Gest(D(Z)) GeSt(D(FP))'

Conspiciously missing from this list is étale cohomology: Namely, while this does give a real-
ization at the 1-categorical level, of Dye(X), it does not give a realization at the 2-categorical
level. Still, this last example shows that one can hit at least part of the locus where one sees étale
cohomology. In fact, one hits all of the equal characteristic 0 part:

PropoOsSITION 13.4. The map
f : AnSpec(Han/p) — [Marc(Q>]m0t X Gest(D(Z)) GeSt(D(FP))

18 surjective.

PROOF. Let us for simplicity assume p # 2; in general argue by descent from Q(y/—1). Then
the target is O-proper and the source is O-prim, so the map is 0-prim. Thus, by Corollary we
have to see that fo«1 € Dot (Q,F,) is descendable. But

Dmot (Qa Fp) = D(Gal(@/Q)a FP)

is the derived category of Galois representations. By finite cohomological dimension, any nonzero
object in there is descendable. O

From the explicit description of the Habiro ring stack, it is already defined over Gest(Nuc(H*")),
the subcategory of nuclear H*'-modules; and these form a rigid category. Thus, we see that we
can indeed explicitly cover

[Marc(Q)]mot X cest(D(z)) Gest(D(Fp)) C [Marc(Z)]mot
by a l-affine and O-proper Gestalt, giving some evidence for Conjecture [13.3]

REMARK 13.5. The ring H*" /p is closely related to F,((¢—1)), and via the theory of tilting this
is connected to the theory of Gal(Q,/Qj)-representations, i.e. local Galois representations. The
previous proposition says that if one keeps track of the full descent datum along the surjective map

AnSpeC('Han/p) — [Marc(Q)]mot X Gest(D(Z)) GeSt(D(FP))v

one must get some “linear-algebraic” description of Gal(Q/Q)-representations, i.e. global Galois
representations! It would be extremely interesting to understand explicitly what is happening here.

As another piece of evidence towards Conjecture [I3.3] one has the following result.
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THEOREM 13.6. Fix some prime p. There is some 1-affine and O-proper Gestalt X over
Gest(D(Q)) with a surjective map

X = [Marc(Fp)] X gest(D(z)) Gest(D(Q)).

This is complementary to the previous result: Here the geometry is in characteristic p, but the
coefficients are in characteristic 0. Using the invariance of Berkovich motives under tilting, one can
formally extend the theorem to the whole locus |p| < 1 in Ma(Z). Thus, in fibres over M(Z),
one has the following information about Conjecture [13.3

(i) In the archimedean locus, it is true.
(ii) Over the equal characteristic 0 point, it is true after profinite completion in the coefficients.
(iii) Over the p-adic locus [p| < 1, it is true after rationalization in the coefficients.

Let us end this lecture by giving a very rough sketch of the ideas behind the proof of The-
orem [13.6) an elaboration will appear elsewhere. In fact, the ideas may be helpful in attacking
Conjecture [13.3]in full.

The starting point is an idea I extracted from the paper of Lahoti-Manam [LM25], that it may
be a possibility to get a well-behaved moduli space of multiplicative monoid stacks (as opposed to
ring stacks). The analogue of a norm in this setting is a metric — a norm N defines a metric d by
d(xz,y) = N(z —y), but if we cannot add/subtract, we should keep the information of the metric.
As we already understand the archimedean part, we focus on ultrametrics. A critical equation
turns out to be

n—1
d(z",y") = H d(z,Cly) :
i=0

this is an equation that must be true for the multiplicative monoids underlying a normed ring stack
equipped with all roots of unity. In order to formulate it, we need the roots of unity; thus, we will
from now (without loss of generality) work over M.c(Z¥). The universal multiplicative monoid
M := [Al. a]mot With its metric d(z,y) = N(z —y) and choice of roots of unity Q/Z — M has the
following properties:
(i) There is a zero 0 € M, and 0 — M is a closed immersion, with open complement given
by the units M* C M. The metrized monoid M is complete with respect to d.
(ii) The monoid M is cohomologically smooth.
(iii) The projective line
PY(M) := M Uy« M
is proper. Moreover, for any € M and any r € (0,00), any closed disk
D(x,<r)={y €M |d(x,y) <r} C M, D(x,>r)={y € P{(M) | d(z,y) >}

is contractible.

(iv) The map N(x) = d(x,0) is multiplicative; more generally, for all x,y,z € M one has
N(2)d(y, 2) = d(zy, 22).

(v) For all z,y € M and n > 1, one has

n—1
da",y") = [ iz, ).
=0

Moreover, for n not a power of a prime, one has d(1,(,) = 1.
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(vi) The monoid M is divisible, and on the locus d(1,(,) < 1, the number p is invertible (on
the Gestalt).

One can then consider the Gestalt Mon parametrizing ultrametrized multiplicative monoids M
in Gestalten, with a zero and a chosen map Q/Z — M, satisfying these axioms. It turns out that
like Berkovich motives, this can be “computed” explicitly. The analogue of algebraically closed
Banach fields are complete ultrametrized divisible multiplicative monoids with a zero and a chosen
map from Q/Z. For each such monoid, one gets a “derived category of monoid motives” which
in fact turns out to be generated by Tate twists. The underlying reason is that in this monoid
geometry, one can only define simple rational varieties, whose cohomology is mixed-Tate. In joint
work with Aoki, we will use this to show that Mon is also 2-affine and O-proper.

CONJECTURE 13.7. The map
[Marc(chd)na]mot — Mon

1s surjective. Here, the subscript 5 indicates that one takes the nonarchimedean part.

As it is a 0-prim map, this reduces to descendability at the lowest categorical level. Moreover,
endomorphisms of the unit on the target are the monoid-motives version of Dmot(MarC(ZCyd)),
and combines sheaves on a compact Hausdorff space (which happens to be M(Z)y,) with derived
categories of monoid motives on “points”, which as noted above, are generated by Tate motives.
This turns this descendability into a concrete statement; but it remains to compute the maps
between Tate motives, which is a nontrivial matter.

The conjecture would concretely say that to construct normed ring stacks, yielding realizations
of Berkovich motives, it is enough to construct metrized monoid stacks — any example will admit
a compatible addition, at least after taking a cover of the base Gestalt. As the example of the
Habiro ring stack shows, it is in fact often much easier to understand the underlying multiplicative
monoid.

However, for our present purposes, the conjecture is not required. Namely, the map

[Marc(chd)na]mot — Mon

is O-proper and also 1-affine. Thus, to cover the source by 0-proper and 1-affine Gestalten, it suffices
to so cover the target. But passing to the locus d(1,(,) = 0 and working rationally, one can show
that there are actually no maps between different Tate twists in the theory of monoid motives (by
a version of the standard argument for usual motives over I, that Frobenius is both multiplication
by a power of p and the identity), which means that any nontrivial map towards this locus will be

a cover. But the ring stack ((A%:;)?Cp)grﬁ, or also the one from [Sch25bl Lecture XII], gives us a
nontrivial map. Incidentally, this argument shows that on this locus, Conjecture is also true.
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